ON BLOCH’S MAP FOR TORSION CYCLES OVER NON-CLOSED FIELDS

THEODOSIS ALEXANDROU AND STEFAN SCHREIEDER

ABSTRACT. We generalize Bloch’s map on torsion cycles from algebraically closed fields to arbitrary
fields. While Bloch’s map over algebraically closed fields is injective for zero-cycles and for cycles
of codimension at most two, we show that the generalization to arbitrary fields is only injective for
cycles of codimension at most two but in general not for zero-cycles. Our result implies that Jannsen’s
cycle class map in integral ¢-adic continuous étale cohomology is in general not injective on torsion

zero-cycles over finitely generated fields. This answers a question of Scavia and Suzuki.

1. INTRODUCTION

Let X be a smooth variety over a field k£ and let ¢ be a prime invertible in k. In this paper we study
the ¢-power torsion subgroup CH'(X)[¢*°] of the Chow group CH*(X) of codimension i-cycles on X.
Following some constructions in [Blo79, Sch21b], we define a cycle map
H> N (Xg1, Qo /Z4 (7))

M2-1(X) )
where M?~1(X) C H* 71 (Xe,Qr/Ze(i)) is defined as follows: we pick a finitely generated subfield
ko C k such that there is a ko-variety Xo with X = X X, k and let

(1.1) L CHY(X)[0°°] —

M*7H(X) = im (hi% N HZ (X0 Xk k")étv@e(i))HH%_l(Xétsz/Ze(i)o ;
k' /ko

where k' runs through all finitely generated subfields of k that contain ky and N* denotes the coniveau

filtration (cf. (2.2) below).

If k is algebraically closed and X is projective, then M?*~1(X) = 0 by weight reasons (see Lemma
4.1 below) and the above map coincides with Bloch’s map [Blo79], see Lemma 4.5 below. If moreover
k = C, the map agrees on the subgroup of homologically trivial {-power torsion cycles with Griffiths’
Abel-Jacobi map [Gri69], see [Blo79, Proposition 3.7].

Bloch’s map over algebraically closed fields is injective on torsion cycles of codimension < 2; the
non-trivial case ¢ = 2 is a theorem of Bloch and Merkurjev—Suslin, see [MS83, §18]. Moreover, for
any ground field k, Colliot-Théléne-Sansuc-Soulé showed in [CTSS83, Corollaire 3] that CH?(X)[(*]
is isomorphic to a subquotient of H3(Xg,Qy/Z(2)). The following result generalizes the injectivity
theorem of Bloch and Merkurjev—Suslin over algebraically closed fields by making the aforementioned

result in [CTSS83] slightly more precise; the argument relies on some results from [Sch21b].
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Theorem 1.1. Let X be a smooth variety over a field k and let £ be a prime invertible in k. Then N
from (1.1) is injective for i = 1,2 and induces the following isomorphisms

CHY(X)[(*°] =~ H (X ¢, Qe/Z(1))/M*(X) and CH*(X)[(*°] ~ N'H?(Xa, Qe/Ze(2))/M3(X).

In the body of this paper, we prove a version of the above theorem that works for arbitrary algebraic
schemes, see Theorem 4.2 and Corollary 4.4; to this end one has to replace in the above discussion
ordinary cohomology by Borel-Moore cohomology, cf. [Sch21b, §4].

Using some Lefschetz hyperplane argument, Bloch shows that the injectivity of A% implies the injec-
tivity of A§™ X over algebraically closed fields (see [Blo79]), hence Roitman’s theorem [Roi80] away from
the characteristic. Similarly, A4™ X is known to be injective over finite fields, see e.g. [KS83, CTSS83].
On the other hand, even over algebraically closed fields, the map N is for 2 < i < dim X in general not
injective, see e.g. [Schoe00, Tot97, SV05, Tot16, Sch21lc, SS22].

Roitman’s theorem on the injectivity of A4™ ¥ over algebraically closed fields turned out to be a very
robust statement, with generalizations to non-proper and even singular spaces, see e.g. [Lev85, KS02,
Geil0]. As mentioned above, there is also a generalization to finite fields [KS83, CTSS83]. In light of
the injectivity of A% over arbitrary fields, it is natural to wonder if Roitman’s theorem admits also a
generalization to arbitrary fields, i.e. is A§™ % always injective? The main result of this paper answers

this question negatively.

Theorem 1.2. Let £ be a prime and let k be a field of characteristic different from €. Then there is
a finitely generated field extension K/k and a smooth projective threefold X over K such that X% from

(1.1) is not injective.

The proof of the above result will rely on an adaption of Schoen’s argument in [Schoe00] together
with some results on the integral Hodge and Tate conjecture due to Kollar, Hassett—Tschinkel, and

Totaro. Taking products with projective spaces, we get the following.

Corollary 1.3. Let i < n be positive integers, let k be a field and let £ be a prime invertible in k. Then
the map N from (1.1) is injective for all smooth projective varieties X of dimension n over all finitely
generated field extension of k if and only if 1 < 2.

We will see in Lemma 4.7 below that over any field, the restriction of Jannsen’s cycle class map in

continuous étale cohomology [Jan88] to ¢-power torsion cycles,
(1.2) cly : CHY(X)[0>°] — HZ2 (X, Zo(4)),

factors through A% . In particular, (1.1) refines Jannsen’s cycle class map on torsion cycles. As a

consequence of Theorem 1.2, we immediately get the following, which answers [SS22; Question 1.7(a)].

Corollary 1.4. For any n > 3 and any prime £, there is a smooth projective n-fold X over a finitely

generated field of characteristic different from € such that Jannsen’s cycle class map
ol « CH™(X)[€>] — Hgy (Xet, Zo(n))

is mot injective on the subgroup of £-power torsion classes.
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Jannsen showed that in the case of divisors, i.e. codimension one cycles, his cycle class map for smooth
projective varieties over finitely generated fields is injective integrally, see [Jan88, Remark 6.15(a)] and
[Sch21b, (P7.2) in Proposition 6.6]. He further conjectured that after tensoring with @, his cycle class
map is injective for cycles of arbitrary codimension over finitely generated fields. Scavia and Suzuki
exhibited in [SS22] several interesting examples that show that tensoring with Q is really necessary, i.e.
the integral Jannsen conjecture fails in general. The main case left open by [SS22] is that of zero-cycles,
that we deal with in this paper. The case of zero-cycles is of particular importance, because injectivity
of cl}i(imx or X4mX on (-power torsion zero-cycles for all smooth projective varieties X over finitely
generated fields would imply the Rost nilpotence conjecture in characteristic zero by [Dia22] and the
arguments in [Sch21b, §9.4] and [Sch22, §B.2].

The examples in Theorem 1.2 have no rational point. However, a variant of our construction gives

(at least for the prime ¢ = 2) examples with rational points as well:

Theorem 1.5. There is a finitely generated field k of characteristic zero and a smooth projective threefold
X over k such that X has a k-rational point and N from (1.1) is not injective for the prime { = 2.

The examples in Theorem 1.2 have Kodaira dimension 2, while those in Theorem 1.5 have negative
Kodaira dimension, as they are conic bundles over surfaces of positive Kodaira dimension. The question
whether X}gmx is injective for smooth projective varieties X that are geometrically rationally connected
remains open. (This question is interesting for the base change Xj,(x) of any rationally connected variety
X over an algebraically closed field k£ which does not admit an integral decomposition of the diagonal,

for examples of the latter see e.g. the survey [Sch21a] and the references therein.)

2. PRELIMINARIES

We recall some of the notation and conventions from [Sch21b] that we will use. An algebraic scheme is
a separated scheme of finite type over a field. A variety is an integral algebraic scheme. A field is finitely
generated if it is finitely generated over its prime field. The n-torsion subgroup of an abelian group G
is denoted by G[n]; the subgroup of elements annihilated by some power of n is denoted by G[n*>°]. If
¢ : H — G is a morphism of abelian groups, we denote by slight abuse of notation G/H := coker(y).

We fix a field k and a prime ¢ invertible in k. For an algebraic scheme X of dimension dx over
k, we denote by CH'(X) := CHy, _;(X) the Chow group of cycles of dimension dx — i on X. For
Ae{Z/t, 7, Qu, Qi /Ze}, we let

H'(X, A(n)) := Hpp (X, A(n))

be twisted Borel-Moore pro-étale cohomology, see [Sch21b, (6.13)-(6.15)] and [Sch21b, Proposition 6.6].
Some of the most important properties of this functor are collected in [Sch21b, Section 4]. If X is

smooth and equi-dimensional, then we have canonical identifications

(2.1) H(X, 20 (0) = H (Xei, &), H'(X, Q/Ze(n)) = lim H(Xe, p&"),

HY(X,Zg(n)) = Hiopy(Xer, Ze(n)), and H'(X,Qe(n)) = Heppy(Xer, Qe(n)) = Hegpy(Xer, Ze(n)) @z, Qe
see [Sch21b, Lemma 6.5].
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For j > 0, we denote by F;X the pro-scheme given by the inverse limit of all open subsets U C X
with dim(X \U) < dim X — j. If U — X is an open immersion with dimU = dim X, then there are
restriction maps H*(X, A(n)) — H'(U, A(n)). As in [Sch21b, Section 5], we define

HY(F;X, A(n)) := Jimy H'(U, A(n)),

where U runs through all open subsets of X that make up the pro-scheme F;X above. The coniveau
filtration N* on H*(X, A(n)) is then given by

(2.2) N HY (X, A(n)) := ker(H (X, A(n)) = H'(F;_1X, A(n))),

see [Sch21b, (5.1)].

For m > j, there are natural restriction maps H*(F,, X, A(n)) — H*(F;X, A(n)) and we denote the
image of this map by F™H*(F;X, A(n)), see [Sch21b, Definition 5.3]. For a scheme point x € X, we let
H(z,A(n)) := H(Fy{z}, A(n)) where {x} C X denotes the closure of z; note that H%(z, A(0)) = A-[z],
where [z] € H%(z, A(0)) denotes the fundamental class of z, cf. [Sch21b, (P3) in Definition 4.2 and
Proposition 6.6].

The Gysin sequence induces the following important long exact sequence (see [Sch21b, Lemma 5.8])
(2.3)
— H'(F X, An) — H (F1 X, A) = @D H'7 (@, Aln = ) == HTH(FX, A(n)).
reX @)
Since H(z, A(n)) = 0 for i < 0, we deduce H*(X, A(n)) = H'(F;X, A(n)) for j > [i/2], see [Sch21b,
Corollary 5.10].
Let CH'(X)z, := CH (X) ®z Z¢. Then there is a cycle class map

clly : CHY(X)z, — H*(X, Z4(i)),

see [Sch21b, (7.1)]. This map is induced by the following pushforward map that appears in the above
long exact sequence (2.3):

P E@,2:0) = P Zila] L H*(FX, Zo(i)) = H* (X, Zo(0)).
zeX @) zeX (@)
If X is smooth and equi-dimensional, then the above cycle class map agrees with Jannsen’s cycle class
map in continuous étale cohomology from [Jan88], see [Sch21b, Lemma 9.1].
There is a natural coniveau filtration N* on CH*(X)z,, given by the condition that a cycle [2] lies in

N7 if and only if there is a closed subset Z C X of codimension j such that z is rationally equivalent to

a homologously trivial cycle on Z, i.e.
2] € im(ker(cl), /) — CH'(X)z,),
see [Sch21b, Definition 7.3]. In view of [Sch21b, Definition 7.2 and Lemma 7.4], we define

AY(X)z, = CH(X)z,/N""'CH(X)z, and A" (X)[(*] := AY(X)z,[(>].

12

If the field k is finitely generated, then A%(X)z, = CH'(X)z, by [Sch21b, Lemma 7.5].
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Remark 2.1. Let X be an algebraic k-scheme of dimension dx. Assume that there is a closed em-
bedding v : X — Y into a smooth equi-dimensional algebraic k-scheme Y of dimension dy. Then the
Borel-Moore cohomology groups H' (X, A(n)) = Hb,,(X, A(n)) above may be identified with ordinary

cohomology groups with support as follows:
H}B’M(X7 A(n)) = H?%(Ypmét? A\(n + C))7

where ¢ = dy —dx ; see also [Sch22, Appendix A]. We explain the above identification in the case where
A = Zy; the general case is similar. To this end, let mx : X — Speck be the structure map and note
that by definition in [Sch21b, (6.13)-(6.15)] we have

Hisp (X, Zo(n) = R T(Xprosr, wy Zeln — dix)).
If my :' Y — Speck denotes the structure morphism, then mx = my ot and so
my = (my 01)' =t oy =i ol (dy)[2dy],
where we used that w, = 7% (dy)[2dy] by Poincaré duality, see e.g. [Sch21b, Lemma 6.1(4)]. Hence,
Hin (X, Zo(n)) = RIZ2IH2D DY, 0 Tp(n — dx + dy)) = HE2 (Yproer, Ze(n + ¢)),

where ¢ := dy — dx, and where the above right hand side denotes ordinary pro-étale cohomology with
support, see [Sch22, (A.6)] and [BS15].

3. CONSTRUCTION AND BASIC PROPERTIES OF AN AUXILIARY CYCLE MAP

3.1. Construction of X%T In this subsection we construct a map 5\; which is closely related to the
transcendental Abel-Jacobi map in [Sch21b] and which will be used in Section 4.1 below to construct
A from (1.1).

To begin with we will need the following simple lemma.

Lemma 3.1. Let X be an algebraic scheme over a field k and let A € {Z/0",Z¢,Q¢,Q¢/Zs} where £
is a prime invertible in k. Then the natural restriction map H*~'(X, A(i)) — H* N (F;_1 X, A(i)) is
injective. Using this to identify each NI H?*~1(X, A(i)) with a subgroup of H*~1(F;_1 X, A(i)), we get

a natural isomorphism

(3.1) b |ker [Oou: @ H'(x, A1) —» @ []A] | = N H (X, A(i).

z€X (-1 2eX ()
Proof. By (2.3), H* Y(F; X, A(i)) — H*Y(F;_1 X, A(i)) is injective for all j > i, as H'(z, A(n)) = 0 for
[ <0and z € X. Since F; X = X for j > dim X, we deduce that H*~1(X, A(i)) — H* 1 (F,_1 X, A(i))
is injective, which proves the injectivity claim in the lemma.

Note next that the following sequence is exact by (2.3):

P H'(x, A1) H* N (F1 X, A(i) — H 7 (Fi_ X, A(i)).
reX(i—-1)
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By the compatibility of the Gysin long exact sequence with proper pushforwards (see [Sch21b, (P2)]),
we find that

b [ker [0 : @ H'(x,A(1) » @D A | | ¢ B 1(F1 X, A(4))
ceX (=1 zeX®
agrees with the image of the map N*"'H?~Y(X A(i)) — H?*~1(F;_1 X, A(i)). This conlcudes the proof
of the lemma. O

Let X be an algebraic k-scheme and let £ be a prime invertible in k. By [Sch21b, Lemma 8.1], there
is a canonical isomorphism
B2) e A = B0 By Hloiii) = Buexo WE/)
ker (90 tx : @, xi-n HY (2, Zo(1) — D,e xo [7]Ze)
which we describe in what follows explicitly. To this end, note that an ¢"-torsion class in A*(X)z,
corresponds to a cycle [z] € CH'(X)gz, such that ¢"[z] € N*~! CH'(X)z,. By [Sch21b, Definition 7.2 and
Lemma 7.4], this means that there is a class

ce P H'(x,Z(1))

xeX(i—l)

with 0(1.&) = £ - z. It follows that the reduction £ of & modulo ¢ has trivial residues and we have

r((2]) = [€]-

Since ¢ has trivial residues modulo 7, there is a class v € H*~1(X, u$') with
v =€ FTH* Y (F_1 X, ud").
Note that 7 is uniquely determined by &, because the map
2 (X ) — B (B X )

is injective by Lemma 3.1. Using this we will in what follows implicitly identify ¢,& and v with each
other.
The image of v = 1,.& in H* (X, Qg/Z(i)) is well-defined (i.e. depends only on the class [z]) up to

elements of the form L*E for
(3.3) (eker|dow: P H'(2.Z(1)— P [z
reX (-1 e X (i)

By Lemma 3.1, the subgroup of H?~1(X,Q,/Z(i)) generated by classes of the form ¢, with ¢ as in
(3.3) agrees with the image of N*"1H?~1(X,Q,(i)) and so we find that the class

M ([2]) 7= (0] € HY (X, Qe/Ze (i) /N H? (X, Qu(3))
is well-defined, giving rise to a map
(3-4) M s ANXO[E] — HP 71X, Qu/Zo (i) /NTHH (X, Qu(d)).

(The minus sign is necessary to make our map compatible with Bloch’s map, cf. [Blo79, p. 112] and
[Sch21b, Proposition 8.3].)
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3.2. Basic properties of \,.

Lemma 3.2. The restriction of X.,. to the subgroup of classes [2] € A'(X)[(>°] with cly (z) = 0 coincides
with the transcendental Abel-Jacobi map N, from [Sch21b, §7.5].

Proof. Assume that cl’(z) = 0. Following the construction in [Sch21b, §7.5], there is a class a €
H?*=1(F,_1X,7Z(i)) with da = z and a class 3 € H*71(X,Z,(i)) with

(3.5) B="L0a— &€ FH" N F_1X,70i))
for some & € @, yi-1) H'(x,Z¢(1)). We then think about 8/¢" as class in H*~1(X,Q(i)) and project

this further to a class [3/¢"] € H?*71(X,Qq/Z(i)). By definition in loc. cit., this class represents

e o
i . " H-"" X, yne
Atr([z}) - [6/6 ] € Ni_lHQi_l(X, QZ(Z))
We aim to see that this coincides with . ([z]) defined above. To this end, note that (3.5) implies
O & =L0"0a ="z and so

Mr([2]) = ~[14],
where ¢ is the reduction modulo ¢" of £ € @, yu-1) H'(x,Z¢(1)). By (3.5), we have 3 = —.,{ and so

the claim in the lemma reduces to the simple observation that the following diagram is commutative:

H%=Y(F,_1 X, Z(i)) M H?* Y F,_ 1 X,Qu(i)) —— H* YF,_1X,Q0/Z()) .

J mod 7 lz

H>=YFi1 X,y > colimg H2~1(F;_1 X, u$h)

This concludes the proof of the lemma. O

It is shown in [Sch21b] that i, is injective for i < 2, cf. [Sch21b, Theorem 9.4 and Corollary 9.5] or
[Sch21b, Theorem 1.8(2)]. The following result extends this to Al as follows.

Proposition 3.3. Let X be an algebraic scheme over a finitely generated field k and let £ be a prime
invertible in k. Then

Myt AX)[E)— H* (X, Qu/Ze(i)) /N HP 71X, Qi)
is injective for 1 < 2.
Proof. Let [z9] € ker(\i). We first show that [zo] lies in the kernel of the cycle class map. By
(3.2), we find that there is a class £ € @, ¢ yi—1) H'(x,Z(1)) such that ("zy = 9(1.£) and such that
A ([20]) = —[ts€] = 0. Especially, we may assume 1.& € im(N*"VH*~1(X, Zy(i)) — H* (X, u$t))

and so by (3.1) we obtain ¢,& = 1,( for some

(eker | Oouy: @ H(z,Z(1)) — @ []Z¢

reXx(i-1) xeX @)

Exactness of the Bockstein sequence then gives 1.6 = 1,( + (" for some o € H*Y(F;_1X,7,(3)).
Since 0. = 0, we get that zp = da and so cl’ ([20]) = t«[20] = 0 by exactness of (2.3). Hence, 2o
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has trivial cycle class on X, as claimed. By Lemma 3.2, it then follows that zg lies in the kernel of
the transcendental Abel-Jacobi map from [Sch21b]: A%.([20]) = 0. In other words, we have proved
that ker(\i ) = ker(\i,) (but note that the two maps are defined on different domains: X is defined
on homologically trivial £>°-torsion cycles, while X! is defined on arbitrary ¢>°-torsion cycles). Since

ker(A:,) = ker(\.,), [Sch21b, Theorem 1.8(2)] yields
ker(Ap,) = HE3% (X, Qo/Za(0)) /GTHZS2, (X, Qo) Z i),

i—3,nr i—3,nr

where Hi, (X, A(n)) = im(H (Fj+1X,A(n)) — H'(F; X, A(n))) denotes the j-th refined unramified

j,nr
cohomology, cf. [Sch21b]. Since F;X = § for j < 0, we get that H} (X, A(n)) = 0 for j < 0 and so
ker(X\{, ) = 0 for i < 3. This proves the proposition. O

The following result is motivated by the description of the image of ¢, in [Sch21b, Proposition 7.16].

Proposition 3.4. Let X be an algebraic k-scheme and let £ be a prime invertible in k. Then the map
X from (3.4) satisfies:
. Ni—lHQi—l X ymo
im(hiy = V(X Qu/2:(0)
Ni—TH2i=1(X, Q%))

Proof. Recall from Section 3.1 that A, was constructed as the direct limit of maps

H2 (X, 1))
NileQifl (X7 Z[(Z))

AL AN X)) —
over all positive integers r > 1. As taking direct limits is an exact functor, it suffices to show that

- Ni—lH2i—1(X /,L®.i)
3.6 im(\,.) = — : LS forallr > 1.
(3.6) im(A}) NTHZ1(X, Zy(7)) or all r >
Let [20] € AY(X)[¢"]. Then by (3.2) and the construction in Section 3.1, there is a class
S @ Hl(l‘,Z@(l))

zeX@-1)

such that 8(1.&) = £"z and such that A.([z0]) = —[t.&]. Since the following sequence

P H'(x,ugh) L B NF X, ph) — HH(F X, p)
reX (-1
is exact by (2.3), we find ¢,.£ € N*='H?~1(X, "), This proves the inclusion “C” for (3.6).
On the other hand, if 3 € N*"'H*~1(X, ,u?ii) then, by (3.1), we can pick

Ecker [Dou,: @ HY(z, y5") — @ [x])Z/¢"
zeXx (-1 zeX ()
such that 1,& = 3. Hilbert 90 implies that H'(z,Z¢(1)) — H'(z, ui') is surjective for all z € X, see
[Sch21b, (P6) in Definition 4.4 and Proposition 6.6]. Hence, there is a class £ € @, yai-1 H' (z,Z¢(1))
whose reduction modulo (" is € € @, yu-1y H'(w, p$%). In particular, 0 = 08 = 9(1.€) yields 9(1.€) =
{2 for some zy € @, [*]Z¢ and thus Ni(=[20]) = [t+&] = [B]. This finishes the proof of the

proposition. O
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By Lemma 3.2, Ai, and A}, agree on {-power torsion classes with trivial cycle class. Moreover, in the
proof of Proposition 3.3 we showed that S\QT and A%, have the same kernel. The following lemma shows

more generally that 5\; factors through the cycle class map.

Lemma 3.5. Let X be an algebraic k-scheme which admits a closed embedding into a smooth equi-
dimensional algebraic k-scheme (e.g. X is quasi-projective). Then the composition of X, from (3.4)

with the negative of the Bockstein map
8 H* X, Q)7 (i) — H* (X, Z(4))
agrees with the cycle class map cl’y : AY(X)[(°] — H* (X, Z(i)).

Proof. We follow the proof of [CTSS83, Proposition 1]. By topological invariance of the pro-étale site,
we may up to replacing k by its perfect closure assume that k is perfect (cf. [BS15, Lemma 5.4.2]).

Let [29] € A*(X)[¢>°]. Then there is a closed subset W C X of pure codimension i — 1 and a class
¢ € HY (FyW,Z(1)) such that 9 = "z, for some integer r > 0. In particular, X, ([20]) = —[t.&],
where £ € HY(W, pug) is the reduction of ¢ modulo ¢” and +: W < X the obvious closed embedding.
Since the Bockstein map is compatible with proper pushforwards (cf. [Sch21b, (P5) in Definition 4.4
and Proposition 6.6]), the lemma follows if we can show that

(3.7) ~3(€) = cliy (20) € H2(W, Za(1)).

The above statement does not depend on the ambient space X. Since X can be embedded into a smooth
equi-dimensional k-scheme by assumption, we may thus from now on assume without loss of generality
that X is smooth and equi-dimensional.

In what follows, for a closed subset Z C X and A € {Z/{",Z¢,Qp,Qu/Z¢} the group HL (X, A(n))

stands for ordinary pro-étale cohomology with support; if ¢ = dim X — dim Z, then
Hipnp'(Z, A(n)) = Hy(X, A(n))

by Remark 2.1. The equation (3.7) then translates into the claim that

(3.8) o = —06(8) € HE(X,Zy(i)) and g :=cly, (20) € HE (X, Ze(i)) coincide.

We aim to describe the class g = cljy (20). Since &€ € HY(FyW,Z(1)), we may pick a closed subset

W’ C W of pure codimension one such that £ admits a lift to H*(W\W’,Z,(1)) = HI%;&V, (X\W', Z(2)).

Then 9 = {729 € HE (X, Zy(i)) = B,y [#]Ze and ay is the image of zo in HE (X, Zg(i)).
In order to show a; = g, we take a Cartan-Eilenberg injective resolution
0—1I°*—J* 2 K*—0
for the following short exact sequence of sheaves on Xpo¢t
0— 2o (i) 25 Zy (i) — p& —0

and we consider the following commutative diagram of complexes of abelian groups.
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1 1 1

| | |

1 —— HY (X, I*) — HO (X, I*) — HO, (X \ W/, I*) —— 1

|

1 —— Hy(X,J*) —— Hyp (X, J®) —— Hyp\ gy (X AW, J?) —— 1

p » £

1 —— HY (X, K*) — HY(X,K*) —— HY% (X \ W/, K*) — 1

|

1 1 1

NG

W

As higher cohomology (with support) of injective objects vanishes, we find that both the rows and
columns of the above diagram are exact. We shall denote the differential of these complexes by the
letter d.

Let n € HY(X,K?!) be a lift of £ € Hy '(X,pu5'). We claim that there exists a lift w €
HY (X, J?71) of  such that the image w’ of w in HSV\W, (X \ W', J?71) satisfies dw’ = 0. Indeed,
let ’ denote the image of ) in HI%/\W/ (X \ W', K%~1). Since ¢ is the reduction modulo ¢ of a class
€ e Hﬁf{l}w (X \ W', Z(7)) and the reduction map

H2 0 (X \ W, Z(0) — HE by (X \ W, i)

is induced by
P Hypy gy (X \ W', %) — Hipy g (X \ W, K®),

we can find a class 7 € H8V\W, (X \ W', J?*=1) with dr{ = 0 such that p(r{) = ' + d(x’) for some
k € HY (X, K?~?) with image k' € H8V\W/ (X \ W', K?=2). Replacing n with n + dx, we may assume
p(r]) =n'. Let 71 € H) (X, J*~1) be a lift of 7{. Exactness of the above diagram yields n — p(71) =
p(Ls72) for some 72 € HY, (X, J*~1) and we take w := 71 + 1,72, where ¢, 7> denotes the image of 75 in
HY, (X, J%~1). Then p(w) = n and the image w’ of w in H&,\W,(X \ W', J%=1) satisfies dw’ = dr] = 0,
as claimed above.

Using that the Bockstein map §: Hgt '(X, u)") — HZ(X,Z(i)) is the coboundary map of the
middle vertical short exact sequence in the diagram above, we deduce «; = [dw], where we regard dw
as an element in H{, (X, I??).

Finally we recall the construction of the class as, so as to verify our claim, i.e. a; = as. Indeed,
the class w’ corresponds to a lift ¢ of £ € H%Kév, (X \ W', u&h in H%Kév, (X \ W' Z(i)) and an easy
diagram chase gives that 0¢ € HE (X, Z(i)) is the cohomology class of dw € HY, (X, J?). Since
p(dw) = dn = 0, we deduce dw € HYy, (X,I%) and the corresponding class in H3: (X, Z.(i)) agrees
with zg. Hence the image of z in H3t (X, Z(i)) is the cohomology class of dw € H{, (X, I?"), showing

a1 = ag, as we want. This concludes the proof of the lemma. O
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Lemma 3.6. Let X; for j = 1,2 be smooth projective k-varieties and let £ be a prime invertible in k.
Let z; € CHY (X;) be classes such that zy is (" -torsion. Then

N2z x 22) = pri (el (1)) Uprs (N (2]))
where (:llv)é1 (21) € H*1(X1,Qu/Z(i1)) denotes the reduction modulo (" of cléél (z1), i.e. the image of
cléél (21) via the composition
H?™ (X1, Zo(in) — H? (X, p™ ) — colimg H** (Xy, pt™ ) = H*™ (X1, Qe/Zg(in))-
Proof. By topological invariance of the étale, resp. pro-étale site, we may up to replacing k by its perfect
closure assume that k is perfect (cf. [BS15, Lemma 5.4.2]).

We will frequently cite properties of cohomology with support from [Sch22, Appendix A], which
applies to our setting by Remark 2.1 above.

There is a closed subset Wy C X of pure codimension i, — 1 and a class £ € H'(FyWa,Z(1)) such
that O¢ = £ z,. We then have A2([z3]) = —[(12)+€], where € denotes the reduction of £ modulo ¢ and
(t2)+ denotes the pushforward induced by the closed embedding o : Wo < Xo. If 17 : Wi < X3 denotes
the inclusion of the support of z1, then ¢ := cljy, (1) € H(W1,Z(0)) = H°(FoWi,Z(0)) satisfies

clé}l([zl]) = (t1)xc. We may then consider the class
picUpsé € H' (Fo(Wh x Wa), Ze(1)),

where p? denotes the pullback induced by the projection map p; : Wi x Wy — W,. Note that we use
here the reduction step that k is perfect as it implies that for each i, W; is generically smooth and equi-
dimensional in which case Borel-Moore cohomology agrees with ordinary cohomology. In particular,
the cup product used above exists.

The residue of the above class is given by

9 (preUpsg) = pieUd (pag) =17+ (21 X 22),
cf. [Sch2la, Lemma 2.4]. Hence,
M2 (21 % 20) = = (11 X 12)« (Pic U p3E).
In particular, the lemma follows once we have proven the following claim:
(39) (1 x 12)(pTeUpEE) = pri ((12).0) Uprs (—(:2).8) = pri (eI, (21)) Uprs (Niz(l=2)))

where pry denotes the pullback induced by the projection pr; : X7 x X5 — X;. The second equality in
(3.9) is clear and so it suffices to prove the first. By linearity, it suffices to prove this in the case where
W is irreducible and ¢ = 1 - [W] € H°(W1,Z,(0)) is the fundamental class. It then suffices to prove

(3.10) (1 % 12).(p58) = pri (eI, (W) Ut ((12).)
We consider the closed embeddings

fZW1XW2*>X1XW2 and ng1XW24)X1XX2.
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Note that 1 X 1o = go f. Let further ¢; : X7 x Ws — X5 and ¢o : X7 Xx Wy — W5 denote the projections.
Then ps = g2 0o f and so

(11 % 12)(P38) = 9o f+ (f036).
By the projection formula (see e.g. [Sch22, Lemma A.19]), applied to f, we thus get

(Ll X LQ)*(pQTg) = g*(f*l U ng)
Note that in the above equation,

fl =g el x, (W1 x X3) € H*" (X1 x Wa, uis"™).
Hence
(11 X 12)+(p3€) = g+(g" cliéMX?(Wl x X) U g56).
Applying the projection formula with respect to g thus yields
(11 % 12)2(P5E) = eI}, (W1 X X2) U g.g3€.

To prove (3.10) it thus suffices to show that

(3.11) cli}lxxz(Wl x X3) = pri (clgé1 (Wl)) and g.qs€ = pr ((Lg)*f) .

The first identity follows directly by the compatibility of pullbacks in cohomology and Chow groups via
the cycle class map (see e.g. [Sch22, Lemma A.21]). The second identity follows from the compatibility
of pullbacks and pushforwards as outlined e.g. in [Sch22, Lemma A.12(2)], applied to the commutative
diagram

Xl X (WQ\ZQ) *>X1 X (XQ\ZQ)

| |

Wy \ Zy ———— X3\ Zy,

where Zy C W5 is a closed subset that is no-where dense and which contains the singular locus of Ws.
This concludes the proof of the lemma. O

Corollary 3.7. Let X; for j = 1,2 be smooth projective k-varieties and let £ be a prime invertible in
k. Let z; € CHY (X;) be classes such that zy is {"-torsion for some positive integer r. Assume that

Clgél (21) 1is zero modulo ¢". Then the {"-torsion cycle
Z =21 X 29 € CHi1+i2(X1 X Xg)
lies in the kernel of N1 ™2,

Proof. This is an immediate consequence of Lemma 3.6. g
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4. PASSING TO THE LIMIT OVER FINITELY GENERATED SUBFIELDS

4.1. Construction of \i. Let X be an algebraic scheme over a field k and let ky C k be a finitely
generated subfield such that there is a variety X over kg with X = X xy, k. For any finitely generated
subfield k¥’ C k with kg C k', we consider X}/ := Xy X, k'. We then have
CH'(X) = lim CH'(Xy) and CH'(X)[(™] = lim A’(Xp)[>],
k' /ko K /ko

where the limit runs through all finitely generated subfields k' C k with kg C &’ and where we used
CH'(Xy)z, = AY(Xp)z, for K/ finitely generated, cf. [Sch21b, Lemma 7.5]. Using this, we define A as
the direct limit of A%, (see Section 3.1), applied to X for all finitely generated fields k" as above:

e o BTN, Qu/Ze() _ HET(X,Qu/Ze(0)
%= lim A}, : CH'(X)[¢(*°] = lim A"(Xp/)[€™ 1 . : = , ,
x = Xy s CHECOL =t AT I N 1(X,, Qi) MEI(X)

where we use that
H*YX,Q¢/Z¢(n)) ~ lim H* Y X4, Qu/Ze(n)),
k' /ko

and where

M H(X) = im (hgg N HP N (X, Qo) — HP (X, @e/ze@))) :
k' /ko
If X is smooth and equi-dimensional (e.g. a smooth variety), then Borel-Moore cohomology agrees
with ordinary cohomology (see (2.1)) and the above map yields a cycle map as in (1.1).

Lemma 4.1. Assume that X is a smooth projective k-variety. In the following special cases, the group
M?=Y(X) can be computed explicitly as follows:
(1) If k is algebraically closed, then M*~1(X) =0 for all i;
(2) If k is a finite field, then M*~1(X) =0 for all i;
(3) Ifi =1, k is arbitrary, and X is geometrically integral, then M*(X) = im(H*(Speck, Q;/Z¢(1)) —
HY(X,Qe/Z(1))).

Proof. Assume first that k is algebraically closed. By the Weil conjectures proven by Deligne, the group
H?=1(X,Qy(i)) does not contain any nontrivial element that is fixed by the absolute Galois group of a
finitely generated subfield k¥’ C k. Hence, the natural map H? =1 (X, Qu(i)) — H?~1(X,Qy(i)) is zero
for any finitely generated field ¥’ C k. This implies M?~1(X) = 0 as we want in (1).

Assume now that k is a finite field. The Weil conjectures imply that H?'~1(X,Qy/Z(i)) is a finite
group (see [CTSS83, Théoreme 2]) and so the map H* (X, Qu(i)) — H*~1(X,Q¢/Z¢(i)) is zero. This
implies M?~1(X) = 0 as claimed.

It suffices by a limit argument to prove the last claim in the case where k is an arbitrary finitely
generated field. Let G = Galy, be the absolute Galois group of k and let k be an algebraic (or separable)

closure of k. Then the Hochschild—Serre spectral sequence from [Jan88] yields an exact sequence

H*(Speck,Qq(1)) — H* (X, Qu(1)) — H* (X7, Qe(1))¢,
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where we use that H°(Xj, Qu(1)) = Qu(1) because X is geometrically integral. The Weil conjectures
proven by Deligne [Del74] imply that H'(X5,Q¢(1))¢ = 0 and so the first map in the above sequence
is surjective. Moreover, Kummer theory implies that H!(Speck,Qu(1)) — H'(Speck,Q./Z(1)) is
surjective. Since NYH(X,Q(1)) = H'(X,Q(1)), we finally conclude

MY (X) = im(H (X, Q1)) — H'(X,Q¢/Z(1))) = im(H" (Spec k, Q¢/Ze(1)) — H* (X, Qe/Ze(1))),
as we want. This finishes the proof of the lemma. a
4.2. Basic properties of \.

Theorem 4.2. Let X be an algebraic scheme over a field k and let £ be a prime invertible in k. Then

the cycle map ,
Hih' (X, Qe/Z(i))
M2=1(X)

L CHY(X)[0>°] —
is ingective for i < 2.

Proof. This follows from Proposition 3.3, where we recall our convention that H*(X, A(n)) = Hf,,(X, A(n))

denotes Borel-Moore cohomology. O
The following result generalises [MS83, (18.4)].

Lemma 4.3. Let X be an algebraic scheme over a field k and let £ be a prime invertible in k. Then

the image of N is given by

m(x) = N HETHNX, Qo) Zo(3))
X M2i—1(X) :

Proof. This follows from Proposition 3.4 together with the construction of A% via direct limit in Section
4.1. O

Corollary 4.4. Let X be an algebraic scheme over a field k and let £ be a prime invertible in k. Then

N induces for i € {1,2} isomorphisms

Hpp (X, Qu/Z4(1))

NUH (X, Qe/Ze(2)

H'(X)[¢>] ~ d CH2(X)[(®] ~
Proof. By Lemma 4.3, im(\y) = N* " Hzy (X, Q¢ /Ze (7)) /M?~1(X). Hence the result is an immediate
consequence of Theorem 4.2. O

Comparing the above construction with Bloch’s map from [Blo79], we get the following:

Lemma 4.5. Ifk is algebraically closed and X is a smooth projective variety over k, then M?~1(X) = 0
for all i and the map

b+ CH(X)[6%) — B2 (X, Qu/Z4(i)
agrees with Bloch’s map from [Blo79]. In particular, if k = C then X restricted to the subgroup of
homologically trivial cycles can be identified with Griffiths Abel-Jacobi map from [Gri69)].

Proof. The vanishing of M?*~1(X) follows from Lemma 4.1. Using this it is straightforward to check that
our map \y coincides over algebraically closed fields with Bloch’s map from [Blo79]. The comparison
with Griffiths’ map thus follows from [Blo79, Proposition 3.7]. This concludes the proof of the lemma. O
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Lemma 4.6. Let X be an algebraic scheme over a field k and let kg C k be a finitely generated subfield
such that there is a variety Xo over kg with X = Xy Xy, k. Let £ be a prime invertible in k. Assume
that N\ is not injective. Let L C k be any subfield with ko C L. Then there is a subfield k' C k with
L C ¥, such that k' /L is finitely generated and

H?> (X", Qq/Z4(3))
MZ-1(X)

N o CHY(X)[0°] —
is not injective, where X' := Xo X, k.

Proof. By assumption there is a nontrivial element [z] € CH'(X)[£>°] with A} ([2]) = 0. We can choose
a finitely generated extension k’/L such that z is defined over k' and so we get a class

[2'] € CH'(X') with [z}] = [2] € CH(X)[(*]

where X' = X X, k’. Up to possibly replacing k' by a larger finitely generated extension of L, we can
assume that [2'] is £°°-torsion and so there is a class

i omy o HPTHX, Qo /Za(3)
% ([#]) € M2i-1(X7)

Note that [2}] = [z] lies in the kernel of \%. Since A% and M\, are defined via direct limits over
all finitely generated subfields of k and k', respectively, we see that up to possibly replacing k' by a
larger finitely generated extension of L, we may assume that A, ([2']) = 0 while [2/] € CH(X") is still
non-trivial because its base change to k is nontrivial. This proves the lemma. |

Next, we have the following.

Lemma 4.7. Let X be an algebraic k-scheme which admits a closed embedding into a smooth equi-
dimensional algebraic k-scheme (e.g. X is quasi-projective) and let £ be a prime invertible in k. The

composition of N with the projection

HY=Y(X,Qq/Z4(i)) R H? =YX, Qq/Z(i))
M2-1(X) H2=1(X,Qq(1)) '

followed by the injection
s, HPGQu/Z(0)
H2=1(X, Qi)

induced by the Bockstein map &, agrees with the cycle class map cly : CHY(X)[0°] — H? (X, Zy(i)).

— H*(X,Z(i))

Proof. This is a direct consequence of Lemma 3.5. g

Lemma 4.8. Let X; for j = 1,2 be smooth projective k-varieties and let £ be a prime invertible in k.
Let z; € CH" (X;) be classes such that zo is £"-torsion for some positive integer r. Assume that cli)é1 (z1)

is zero modulo £". Then the £"-torsion cycle
Z: =21 X 29 € CHil—HQ(Xl X Xg)

lies in the kernel of the cycle map /\é}“? from (1.1).
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Proof. Let kg be a finitely generated subfield over which X; and the cycle z; are both defined for j = 1, 2.
Since z5 is ¢"-torsion, we may assume that it is already ¢"-torsion on Xy, i.e. when viewed as a cycle
over kg. Note moreover that
H2M (X, ) = Ly H?™ (X, ™),
K’ /ko

where k' runs through all finitely generated subfields of k that contain kg and X7, denotes the base
change to k’ of a fixed form of X; over kg. We can therefore also assume that the cycle class of z; over
ko is zero modulo ¢". The claim in the lemma follows then from Corollary 3.7. O

5. SCHOEN’S ARGUMENT OVER NON-CLOSED FIELDS

The following theorem extends (some version of) the main result from [Schoe00] to non-closed fields.

Proposition 5.1. Let k be an algebraically closed field and let C' be a smooth irreducible curve over k.
Let ¢ be a prime and let v be a positive integer. Let E be an elliptic curve over k(C) whose j-invariant
is transcendental over k. Up to replacing C' by a finite cover, the following holds for any k-variety B,
where we denote by K = k(B x C) the function field of B x C':

e there is a class T € CHo(Fk) of order £";

e for any smooth projective variety Y over k(B), the kernel of the exterior product map
CH\(Y)® Z/{" — CH™ (Y xx Ex)[l"], z+—[zk x 7]
s contained in the image of
CH (Y )ors ® Z/0" — CH\(Y) @ Z/ (.

Proof. Replacing C' by the normalization of a projective closure, we may assume that C' is smooth and
projective. Note that k is algebraically closed and that the j-invariant of F is transcendental over k.
Using this, the same argument as in [Schoe00, Lemma 2.7] shows that up to replacing C' by a finite
cover, we may assume that the curve Ex admits a regular projective model £ over Cy,p) := C X3, k(B),
with the following properties:

(i) € = Ci(py is a minimal elliptic surface over k(B);

(ii) there is a k-rational point on C' with induced point 0 € Cj,(p), such that the fibre F' of & — Cjp)
above 0 is of type Iy for some N > 1;

(iii) if we denote by F;, i = 0,1,...,¢"N — 1 the components of F, then F? = —2 for all i and
F;-F;, 1 =1forall i if {'N # 2 and FoFy = 2 if /"N = 2, where the index has to be read
modulo {"N;

(iv) the model £ — Cj(p) admits two sections sg,s; such that s; — sg restricts to a zero-cycle
7 € CHo(Fk) of order ¢" and such that so meets Fp, while the (unique) component of F' that
meets sy is of the form F;,x with m coprime to /.

The same argument as in [Schoe00, Lemma 2.8] then shows that there is a divisor D on & which is
supported on the special fibre F' and such that the following holds:
(v) if D' is another divisor on & that is supported on some fibres of & — Cypy, then D" - D =0
mod " N;
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(vi) (s1—50)-D =mN -x for some integer m that is coprime to ¢" and some zero-cycle x € CHy(F')
of degree 1.

To conclude the argument, we consider the model
X =Y xup) €= (Y xum) Oum) X € Cum)

with special fibre Xo =Y x ) I and generic fibre X,) = Yx X Ex. Since Y is smooth over k(B) and
£ is regular, the model X is regular as well. Let z € CHi(Y). Since s; — sq is a divisor class on &, we

can consider the exterior product cycle
€:=2x (51— 80) € CH ().

The restriction &, € CH"'(Yx xk Ex) of this cycle to the generic fibre of X — Cy(p) agrees with
[z x 7] € CH Yk Xk Fk),

where zx € CH'(Yx) denotes the base change of z and 7 € CHy(E) is the class of order " from (iv).

To prove the proposition, we assume that &, = 0 and we then aim to show that z is the sum of a
torsion class and a class that is ¢"-divisible. To this end, note that the localization formula together
with the assumption &, = 0 implies that there are closed points c1, ..., ¢, € Cyp) with ¢; # 0 for all j
such that

¢ € im | CH'(Xo) @ @) CH(X,) — CH'*!(X)
J

Hence,

E=¢ +¢" where ¢ €im (CH'(Xo)— CH"'(X)) and ¢’ € im @CHi(ch)—) CH™ M (X)
J

Note that Xo =Y xyp) F. Since F' is a cycle of smooth rational curves, the natural map
(CH(Y) ® CH(F)) @ (CH1(Y) ® CH'(F)) — CH(X,)
is surjective. It follows that we can write

§=> & xDj+&x¢
J

for some £1; € CH'(Y), D} € CHO(F), & € CH'”'(Y), and ¢ € CH'(F). Let Y x D denote the pullback
of the divisor D via the natural projection pry, : X — £. Since & is regular, we may consider the
intersection product ¢ - (Y x D) € CH"?(X). Since D is supported on the special fibre F, the support
of £” is disjoint from the support of Y x D and so £’ - (Y x D) = 0. Hence,

£ (Y xD)= (> & xDj+&x()- (Y x D) e CH?(X).
J

By item (v), (§1; x D)+ (Y x D) =0 mod ¢"N for all j and so

£-(Y xD)=¢& x(¢C-D)=0e CH*?(X)/I"N,
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because ¢ - D = 0 for degree reasons. Hence,
£-(Y x D)€ ("N -CHT?(X).

On the other hand, £ = z X (81 — $¢) and so item (vi) implies

& (Y xD)=zxmNx.
Consider the natural proper map

T: X =Y X E—Y
of k(B)-varieties. Then the above computations show that

(- (Y xD))=mN -z2=("N-2 € CH(Y)

for some 2’ € CH(Y). Hence,
(5.1) ti=m-z—{"-2 € CH(Y)

is N-torsion. Since m is coprime to ¢, we find that the class of z in CHi(Y)/KT may be represented by

a torsion class, as we want. This concludes the proof of the proposition. O
For later use we record here the following variant of the above argument.

Proposition 5.2. Let k be an arbitrary field. Let Y be a smooth projective k-variety. Then there is an
elliptic curve E over K = k(PY) (in fact the Legendre elliptic curve y* = x(x — 1)(x —t)) and a class
7 € CHo(E) of order 2 such that the exterior product map

CH'(Y)®Z/2— CH ™ (Vi xx E)[2], z+—[2x X 7]
18 injective.

Proof. We let E be the generic fibre of the Legendre family y? = x(x — 1)(2z — t), where ¢ denotes an
affine coordinate on P!. Let & — P! be a minimal elliptic surface whose generic fibre is E. The special
fibre F' above t = 0 is then of type Is: F' = Fy U F; with Fj2 = —2 and Fp - F; = 2. Note further that
each 2-torsion point of E is K-rational (see [[G59]) and it extends to a section of & — PL. It follows in
particular that there are sections so, s; of & — P! such that s; meets F; and such that s; — sq restricts
to a zero-cycle 7 € CHg(E) of order 2. Let z € CH(Y) be nonzero modulo 2. Let zx € CH!(Yy) denote

the base change of z. To prove the proposition, it is then enough to show that the 2-torsion class
ZK X T € CHH_l(YK XK E)

is nonzero. This follows by exactly the same argument as in the proof of Proposition 5.1 above. The
main difference is that in the current situation, the special fibre F' is of type I and so the integer N in

the proof of Proposition 5.1 equals 1, so that the class ¢ in (5.1) is not only torsion, but in fact zero. O

Remark 5.3. Let C be a smooth irreducible projective curve over a field k and let ¢ be a prime. The
proof of Proposition 5.2 shows more generally that if E is an elliptic curve over K = k(C) whose ¢-

torsion points are all K-rational and in addition there is a K-rational point 0 € C so that the fibre F
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of the minimal model £ — C above t = 0 is of type Iy, then there is a class 7 € CHo(E) of order £ such
that for any smooth projective k-variety Y the exterior product map

CH(Y)® Z/{— CH™ (Yi xx BE)[f], 2|2k x 7]
18 injective.
A concrete example for the prime £ = 3 is given by the elliptic curve E over Q(w)(P!) (w® = 1,w # 1)
defined by the degree 3 equation
o+ 23+ 2l = 3 wor20

in P2, see [IGH9).
6. A CONSTRUCTION OF KOLLAR, HASSETT-TSCHINKEL, AND TOTARO

In this section we use some arguments of Kollar, Hassett—Tschinkel, and Totaro to prove the following:

Proposition 6.1. Let k be an algebraically closed field and let ¢ be a prime invertible in k. If the
characteristic of k is positive, assume that k has positive transcendence degree over its prime field.

There is smooth projective hypersurface S C ]P’i(ﬂn) such that the cycle class map
CHo(S)/£— H*(S, n7?)

is not injective up to torsion. That is, there is a zero-cycle z € CHgy(S) with trivial cycle class in
HA(S, M@Q) such that z ¢ CHg(S)tors + £ - CHg(.S).

Proof. Our examples arise due to the failure of the integral Hodge and Tate conjectures for certain
hypersurfaces in P}, x, ]P’i of bidegree (3,¢?). To this end, let A € k be transcendental over the prime

field if k£ has positive characteristic, and let A := ¢ if k has characteristic zero. We then consider the

3
T0,%1,T2,T3

smooth hypersurface X C P}m x P over k, defined by the equation

u3x€2 + tu%{z + tQul‘gQ + t3x§2 + )\(u3xg2 - t?’:véz + u?’acéz - t?’x{z) =0.
Let S := X, be the generic fibre of the first projection pry: X — P;.. We aim to show that the cycle

class map clf: CHy(S)/¢— H*(S, u$?) is not injective up to torsion.

Step 1. Let n := ged{deg(z)|z € CHo(S)} be the index of S. If Z4(X) denotes the cokernel of the cycle
class map cl3: CH*(X)z, — HY(X,Z(2)), then Z4(X) ~ Zy/ny.

Proof. We have the following commutative diagram

CH3(P! xj, P3)z, —s HO(P! x), P, Zy(3))

J ]

CH2(X)5, — % HA(X,Z(2)),

where i,: H4(X,Z(2)) — H®(P' x4, P3,Z(3)) is an isomorphism by the Weak Lefschetz theorem
[Mil80, Theorem VI1.7.1]. Recall that HS(P* x;, P3,Z,(3)) is the free Z,-module of rank 2 generated by
01 == cl®(P} x pt) and £y := cl®(pt x L), where L C P} is any one-dimensional linear subspace. Let
L C P? be the subspace defined by the equations zy = 0 and 23 = (zy, where ¢ € k with ¢©° = —1.
An easy check shows (1:0) x L C X. The 1-cycle f5 := [(1: 0) x L] € CH?(X) clearly then satisfies
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iy el (0y) = £y, Pick z € CH2(X) such that deg(z|s) = n. By replacing z with 2z’ := z — m/, where
the integer m is determined by pry, (2) = m[L] with pry : X — P3| we may assume that pr,,(z) = 0. It

follows that i, cl3 () = nf;. To conclude we notice that the image of the composite
CH?(X)z, — H* (X, Z¢(2)) 225 HO (P, Z6(0)) = Zy
is nZy, where n is the index of S. g

Step 2. We have n € (7.

Proof. The proof is essentially the same as in [Tot13, Theorem 2.1], where the case £ = 2 and k = Q is
treated. We briefly recall the argument for the readers convenience.
Note that X degenerates via A — 0 to the hypersurface

2 2 2 2
u31:g —i—tuQJU(IZ +t2uxg +t3xg =0,

in P! xP? over some algebraically closed field extension F'/F,, where ¢ = £ if char(k) = 0 and ¢ = char(k),
otherwise. A straightforward specialization argument enables us to reduce our task to proving that the
hypersurface
Y = {xff + tmfz + t2xg2 + t3x§2 =0}

in P3 over F'((t)) has no rational point over any extension F'((s)) of F((t)) whose degree is not divisible by
¢. For a contradiction, we assume that there is an extension F'((s))/F((t)) of degree d with ged(d, ) =1
and Laurent series t(s), z;(s) € F((s)) satistying the equation of Y. Then the valuations of the 4 terms
in the equation, given by ord,(t'z") = id mod £2, are all different, forcing all the z;(s) to be zero. This

certainly cannot be a point of the projective space, contradicting our hypothesis. |

Finally we are in the position to conclude the proof of Proposition 6.1. By Step 1 we can pick a 1-cycle
o € CH?(X) such that cl3(a) = nf;. We set 2 := als € CH?(S) and note that cl3(z) = 0 € H*(S, u?)
because n € (Z; by Step 2. We claim that z ¢ CH?(S)iors + £ CH?(S). Indeed, if we write z = 2, + £29
for some z; € CH?(S)ors and 2o € CH?(S), then n = deg(z) = £deg(z2). This yields a contradiction,
as the integer n is the index of S. O

7. PROOF OF THE MAIN RESULTS

Proof of Theorem 1.1. The injectivity of A% for i = 1,2 follows from Theorem 4.2. The isomorphisms
in question then follow from the description of the image of A% in Corollary 4.4. In the case i = 1, we
note in addition that NYH* (X, A(n)) = H'(X, A(n)). O

Proof of Theorem 1.2. Let £ be a prime and let k be a field of characteristic different from ¢. We aim
to construct a finitely generated field extension K/k and a smooth projective threefold X over K such
that

N : CH(X)[0°] — H (X, Qu/Ze(2))/M°(X)
is not injective. To prove this, we are free to replace k by a finitely generated field extension and so we
can assume that k has positive transcendence degree over its prime field. Lemma 4.6 allows us to reduce

further to the case where k is algebraically closed and of positive transcendence degree over its prime
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field. It then follows from Proposition 6.1 that there is a smooth projective hypersurface S C Pi(Pl)
which carries a zero-cycle z; € CHy(S) with trivial cycle class in H*(S, u’?) such that

(7.1) 21 ¢ CHo(S)tors + £ - CHy(S).

Let C be any smooth curve over k and let E be an elliptic curve over k(C) whose j-invariant is tran-
scendental over k (e.g. we could take C' = P! and let E be the Legendre elliptic curve). We then apply
Proposition 5.1 to C, E, B := P!, and to the k(B)-variety Y := S. We let K := k(B x C) and find that
up to replacing C by a finite cover, there is a zero-cycle T € CHl(E k) of order ¢ such that the kernel of
the exterior product map

(7.2) CH*(S) ® Z/t — CH?(Sk x i Ex)[l], z+— |25 X 7]
is contained in the image of
CH?(S)tors ® Z/¢ — CH?(S) ® Z/X.
We finally set X := S X Fx and consider the zero-cycle

2= |51k x 7] € CH*(X).

Since 7 has order ¢, the zero-cycle z is ¢-torsion. By (7.1) and the above description of the kernel of the
exterior product map in (7.2), we find that z is nontrivial. On the other hand, since the cycle class of

21 in HA(S, u$?) vanishes while 7 is (-torsion, Lemma 4.8 implies that
M (2) =0 € H°(X,Qu/Z(2))/MP(X).
This concludes the proof of the theorem. O

Proof of Corollary 1.3. One direction is Theorem 1.1. The other direction follows from Theorem 1.2 by

taking products with projective spaces. O
Proof of Corollary 1.4. This follows from Lemma 4.7 and Theorem 1.2. a

Proof of Theorem 1.5. By [PS96, Theorem 8.5], there is a smooth projective surface Y (given as a conic
fibration over a hyperelliptic curve) over a field k such that Y (k) # @ and such that the cycle class map
CH*(Y)/2 — H*(Y,u$?) is not injective. In loc. cit., the example is defined over Qs; a straightforward
limit argument then allows us to assume that & C Qs is a finitely generated subfield. We pick a zero-cycle
z € CH?*(Y) that is nonzero modulo 2 but its cycle class cl3-(z) is zero modulo 2. Let now K = k(P').
Then Proposition 5.2 implies that there is an elliptic curve E over K (in fact the Legendre elliptic curve)
and a class 7 € CHg(E) of order 2 such that the cycle zx x 7 € CH*(X)[2] is nonzero, where X is the
smooth projective threefold Y x i E. It follows from Lemma 4.8 that A3 (zx x 7) = 0, proving the
non injectivity of A% for the prime ¢ = 2. Since E is an elliptic curve, it has a rational point and since
Y has a rational point as well, we find that X (K) # 0, as we want. O
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