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Abstract. Let X be a smooth projective variety over a field k. For k separably closed, we prove

that the subgroup of unramified classes in the Milnor K-group KM
i (k(X)) of the function field of X

is contained in the subgroup of n-divisible elements of KM
i (k(X)) for any integer n invertible in k.

This generalizes to a statement for unramified motivic cohomology of arbitrary bidegree. We further

show that whenever k is finite or separably closed and ℓ is a prime invertible in k, then all but the

last step in the Bloch–Ogus filtration of the motivic cohomology of X are ℓ-divisible up to torsion.

Generalizations of this last result to arbitrary quasi-projective k-schemes are also proven.
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1. Introduction

Let X be a smooth projective variety over a separably closed field k and consider the Chow group

CHi(X) of codimension i cycles modulo rational equivalence. For i = 0, 1, dimX, this group is the

extension of a finitely generated group by a divisible group. Schoen [Schoe02] showed that this fails

in general for all other codimensions 1 < i < dimX; important refinements and generalizations of

this result appeared in [RS10, Tot16, Dia21, Sch25, Ale23, Sca24, AZ25], see also Appendix A below.
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All those results rely on work of Bloch–Esnault [BE96], where the first example of a cycle that is

homologically trivial but not divisible was discovered.

The purpose of this paper is to show, to the contrary, that various natural motivic invariants, espe-

cially those associated to motivic Bloch–Ogus theory, do in fact satisfy somewhat surprising divisibility

phenomena.

1.1. Unramified Milnor K-theory. For a ring R, we denote by KM
i (R) the quotient of the free tensor

algebra T ∗(R∗) on the units of R, by the two-sided ideal generated by a⊗ (1− a) with a ∈ R \ {0, 1},
see [Ker09, Definition 2.1]. For a smooth k-scheme X, we then define the Milnor K-theory sheaf KM

i as

the sheaf associated to the presheaf which maps an open subset U ⊂ X to KM
i (O(U)). Similarly, the

Milnor K-theory sheaf modulo some integer n is defined as KM
i /n := KM

i ⊗ Z/n. Both sheaves play a

crucial role in the Gersten conjecture and in Bloch–Ogus theory for Milnor K-theory, see [BO74, Ker09].

Theorem 1.1. Let X be a smooth projective variety over a separably closed field k and let n be an

integer invertible in k. For i ≥ 1, the natural reduction map H0(X,KM
i ) → H0(X,KM

i /n) is zero.

The case i = 1 in the above theorem is easy because H0(X,KM
1 ) = k∗; the case i = 2 is due to

Colliot-Thélène–Raskind [CTR85, Corollary 1.7].

By the Gersten conjecture for Milnor K-theory, proven by Kerz [Ker09], H0(X,KM
i ) ≃ KM

i (k(X))nr

agrees with the subgroup of unramified classes of the Milnor K-groupKM
i (k(X)). Similarly,H0(X,KM

i /n)

can be identified with the subgroup ofKM
i (k(X))/n of classes that are unramified over k. We thus obtain

the following result.

Corollary 1.2. In the notation of Theorem 1.1, the subgroup KM
i (k(X))nr ⊂ KM

i (k(X)) of classes

that are unramified over k is contained in the maximal n-divisible subgroup:

KM
i (k(X))nr ⊂ KM

i (k(X))n−div.

Recall the natural map KM
i (k(X)) → Hi(k(X), µ⊗in ), which is surjective by the Bloch–Kato conjec-

ture, proven by Rost and Voevodsky [Voe11]. Despite this surjection, the above corollary shows that

for any integer n ≥ 2 invertible in k, a nonzero class in the unramified cohomology group Hi
nr(Xét, µ

⊗i
n )

can never be lifted to an unramified class in KM
i (k(X)). For more details on unramified cohomology

and interesting examples of unramified classes, we refer to the surveys [CT95, Sch21].

1.2. Unramified motivic cohomology. Let X be a smooth equi-dimensional algebraic scheme over

a field k. The motivic cohomology of X with values in an abelian group A is defined as the hypercoho-

mology

Hi
M (X,A(n)) := Hi(XZar, A(n))

of Bloch’s cycle complex A(n) = Z(n) ⊗L
Z A ∈ D(XZar) with values in A, cf. Section 2.7 below. For

A = Z, these groups agree canonically with Bloch’s higher Chow groups:

Hi
M (X,Z(n)) ≃ CHn(X, 2n− i),

see [Blo86, p. 269, (iv)] and [Blo94]. In particular, H2i
M (X,Z(i)) ≃ CHi(X) agrees with ordinary Chow

groups.
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Assume now thatX is irreducible. We may then consider the motivic cohomologyHi
M (k(X), A(n)) :=

Hi
M (Spec k(X), A(n)) of the function field k(X); this agrees with colimU Hi

M (U,A(n)), where U runs

through all dense open subsets of X. The unramified motivic cohomology of X is then given by

Hi
M,nr(X,A(n)) := {α ∈ Hi

M (k(X), A(n)) | ∂xα = 0 for all x ∈ X(1)},(1.1)

where ∂xα ∈ Hi−1
M (κ(x), A(n− 1)) denotes the residue of α at x, see Section 4.1 below for more details.

Theorem 1.3. Let k be a separably closed field and let i, n be integers with n ≥ 1. Let X be a smooth

projective variety over k and let m be an integer invertible in k. Then the natural maps

Hi
M,nr(X,Z(n)) //Hi

M,nr(X,Z/m(n)) and Hi
M,nr(X,Z(n)) //Hi

nr(Xét, µ
⊗n
m )

are zero.

The second map in the above theorem is induced by the natural comparison mapHi
M,nr(X,Z/m(n)) →

Hi
nr(Xét, µ

⊗n
m ) from the Zariski to the étale site, see [GL01, Theorem 1.5]. In fact, as a conse-

quence of the Beilinson–Lichtenbaum conjectures, proven by Rost and Voevodsky [Voe11], we have

Hi
M,nr(X,Z/m(n)) ≃ Hi

nr(Xét, µ
⊗n
m ) if i ≤ n and Hi

M,nr(X,Z/m(n)) = 0 otherwise, see Lemma 4.1.

A strengthening of Theorem 1.3 in the case i ̸= n is proven in Theorem 4.5 below.

1.3. Motivic coniveau filtration. Let Hi
M (Z(n)) denote the Zariski sheaf associated to the presheaf

U � //Hi
M (U,Z(n)). Following [BO74], we have the motivic coniveau spectral sequence

Ep,q
2 = Hp(X,Hq

M (Z(n))) =⇒ Hp+q
M (X,Z(n)),

see [Blo86, p. 269, (iv)]. This spectral sequence induces the Bloch–Ogus filtration

· · · ⊂ L0 ⊂ L1 ⊂ · · · ⊂ Ln−1 ⊂ Ln = Hi
M (X,Z(n)),(1.2)

given by

LjH
i
M (X,Z(n)) := im(Hi(XZar, τ≤jZ(n)) → Hi(XZar,Z(n))).

By Lemma 5.2,

LjH
i
M (X,Z(n)) = N i−jHi

M (X,Z(n))

agrees with the coniveau filtration, where N cHi
M (X,Z(n)) consists of all classes of Hi

M (X,Z(n)) that

vanish outside a closed subset of codimension at least c. For i ≤ 2n, this filtration is of the form

Hi
M (X,Z(n)) = N i−nHi

M (X,Z(n)) ⊃ N i−n+1 ⊃ N i−n+2 ⊃ · · · ⊃ Nn ⊃ Nn+1 = 0,(1.3)

see Lemma 5.1 below. From this description we see that the filtration is of length 2n + 1 − i, hence it

is trivial if i = 2n, but it is interesting in general.1

Theorem 1.4. Let k be either a finite field or a separably closed field and let X be a smooth equi-

dimensional quasi-projective scheme over k. Then, for all primes ℓ invertible in k, we have

LjH
i
M (X,Z(n))⊗Z Qℓ/Zℓ = 0 for j < n;(1.4)

N cHi
M (X,Z(n))⊗Z Qℓ/Zℓ = 0 for c > i− n.(1.5)

1Note that for i = 2n the filtration N∗ does not coincide with Bloch’s coniveau filtration on CHn(X), which measures

the dimension of a closed subset on which a given class is homologically trivial, see [Blo85] and [Sch23, §1.1].
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Note that the above result covers all but the last (resp. first) filtration step in (1.2) (resp. (1.3)).

In the case of smooth projective varieties over a finite field, Parshin’s conjecture on the algebraic

K-theory of smooth projective schemes over finite fields predicts that Hi
M (X,Z(n)) ⊗ Qℓ is zero for

i ̸= 2n, see e.g. [Jan90, pp. 189-190]. The above theorem proves the weaker assertion that, for j < n,

the subgroup LjH
i
M (X,Z(n)) vanishes after tensoring with Qℓ/Zℓ.

Recall that an abelian group G satisfies G⊗Q/Z = 0 if and only if G⊗Qℓ/Zℓ = 0 for all primes ℓ.

Moreover, G⊗Qℓ/Zℓ = 0 is equivalent to asking that G is ℓ-divisible up to torsion, i.e. it is the extension

of an ℓ-divisible group by an ℓ-primary torsion group, see Lemma 2.1 below. This is a restrictive property;

for instance, such groups do not admit non-trivial maps to Z.
By work of Kerz, for smooth varieties over an infinite ground field k, there is a canonical isomorphism

KM
n
≃→ Hn(Z(n)), where KM

n denotes the Milnor K-theory sheaf onXZar, see [Ker09, Theorem 1.1]. Since

Hj(Z(n)) = 0 for j > n, the hypercohomology spectral sequence induces an edge map Hi
M (X,Z(n)) →

Hi−n(X,KM
n ) and we consider its image

Hi−n(X,KM
n )∞ := im(Hi

M (X,Z(n)) //Hi−n(X,KM
n )).

Theorem 1.4 proves that all but this last filtration step of L∗H
i
M (X,Z(n)) are ℓ-divisible up to torsion

and so we obtain the following corollary.

Corollary 1.5. Let X be a smooth quasi-projective equi-dimensional scheme over a separably closed

field k. Then the natural map

Hi
M (X,Z(n))⊗Z Qℓ/Zℓ

≃ // Hi−n(X,KM
n )∞ ⊗Z Qℓ/Zℓ

is an isomorphism for all primes ℓ invertible in k. In particular, Hi
M (X,Z(n))⊗Z Qℓ/Zℓ = 0 for i < n.

In the body of the paper, we prove a version of Theorem 1.4 which does not require the smoothness

assumption on X. To state the result, for any equi-dimensional quasi-projective scheme X over k we

denote by Hi
BM,M (X,Z(n)) the hypercohomology of Bloch’s cycle complex in the Zariski topology. In

other words, if dX = dimX, then

Hi
BM,M (X,Z(n)) = HBM,M

2dX−i (X,Z(dX − n)) ≃ CHdX−n(X, 2n− i)(1.6)

agrees with motivic Borel–Moore homology (cf. [Lev04, §1.1]); we use the cohomological indexing for

convenience, as it makes various statements and arguments in this paper independent of the dimension

of X. If X is smooth and equi-dimensional, then Hi
BM,M (X,Z(n)) = Hi

M (X,Z(n)). We further define

N jHi
BM,M (X,Z(n)) ⊂ Hi

BM,M (X,Z(n)) as the subgroup of classes that vanish outside a closed subset

of codimension at least j. Then we have the following generalization of Theorem 1.4.

Theorem 1.6. Let k be a field that is either separably closed or finite and let ℓ be a prime invertible in

k. Let X be an equi-dimensional quasi-projective variety over k. Then the following holds:

(1) N cHi
BM,M (X,Z(n))⊗Qℓ/Zℓ = 0 for c > i− n;

(2) Hi
BM,M (X,Z(n))⊗Qℓ/Zℓ = 0 for i < n.

Using the localization exact sequence, item (1) can be deduced from item (2). The latter will in

turn be proven via careful weight arguments, combined with consequences of the proof of the Beilinson–

Lichtenbaum conjecture, due to Rost and Voevodsky [Voe11].
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For arbitrary smooth quasi-projective varieties, the vanishing results in Theorems 1.4, 1.6 and Corol-

lary 1.5 are sharp, see Examples 5.7 and 5.8 below.

It is natural to ask whether these results are sharp for smooth projective varieties as well. Certainly,

the existence of a (non-canonical) degree map on cycles in H2n
M (X,Z(n)) = CHn(X) shows that at

least for i = 2n ≤ 2 dimX, the condition j < n is necessary in (1.4). More generally, based on

[BE96, Schoe02, RS10, Tot16], it turns out that for any n ≥ 3, there is a smooth complex projective

variety of dimension n such that for any integer 2 ≤ i ≤ n − 1 and any subgroup M ⊂ CHi(X) with

finitely generated cokernel, M ⊗Qℓ/Zℓ ̸= 0 for all primes ℓ, see Corollary A.2 in Appendix A.

Question 1.7. Let k be either a finite field or a separably closed field and let X be a smooth projective

variety over k. Is it true that the group Hi
M (X,Z(n))⊗ZQℓ/Zℓ from Corollary 1.5 vanishes for i ̸= 2n?

In Appendix C, we show that the above question has a positive answer for special values of (i, n),

see Propositions C.7 and C.12 below. These results rely on divisibility results for Lichtenbaum motivic

cohomology, as studied by Geisser, Kahn, Rosenschon–Srinivas and others, see e.g. [Gei17, Kah12, RS16].

As a consequence, Question 1.7 has a positive answer whenever the étale cycle class map

cl : Hi
M (X,Qℓ/Zℓ(n)) //Hi(Xét,Qℓ/Zℓ(n))(1.7)

is injective. By work of Suslin–Voevodsky [SV00], Geisser–Levine [GL01], and the proof of the Beilinson–

Lichtenbaum conjecture due to Rost and Voevodsky [Voe11], this holds for instance for i ≤ n+ 1.

In contrast, we note that for i ≥ n + 2, this injectivity fails in general. In fact, the injectivity of

(1.7) implies that Hi
M (X,Qℓ/Zℓ(n)) is of cofinite type, i.e. a product of a finite group with finitely

many copies of Qℓ/Zℓ. However, for k = C and i ≥ n + 2, the group Hi
M (X,Qℓ/Zℓ(n)) is in general

not of cofinite type: This follows for instance from [AZ25, Corollary 1.2] together with the Bockstein

sequence for motivic cohomology; similar results for Chow groups were previously proven in [Schoe02,

RS10, Tot16, Dia21, Sch25, Ale23, Sca24].

1.4. Structure of the paper. We fix notation and collect some preliminary material in Section 2.

In Section 3, following work of Deligne [Del80] (see also [Hub97] and [Mor25]), we discuss the weights

of some natural mixed and ind-mixed Galois modules. This includes in particular the computation

of the weights of the ind-mixed Galois modules given by refined unramified ℓ-adic cohomology (see

[Sch23]). We also collect some consequences for the cohomology and refined unramified cohomology of

quasi-projective schemes over finite fields.

In Section 4 we discuss the notion of refined unramified motivic cohomology, following [Sch23]. We

compare this to ℓ-adic refined unramified cohomology and use the aforementioned weight computations

to prove Theorems 1.1 and 1.3, and Corollary 1.2.

In Section 5 we prove Theorems 1.4 and 1.6 from the introduction. This relies on a cycle class

map from Borel–Moore motivic cohomology to ℓ-adic Borel–Moore pro-étale homology, see Lemma 5.3,

together with weight arguments and an extension of the Beilinson–Lichtenbaum conjecture to singular

schemes, due to Kok and Zhou [KZ23].

In Section 6, we discuss some divisibility phenomena for the Bloch–Ogus groupsHi(XZar,Hj
M (Z(n)));

our main result in that section is Theorem 6.1. This will be used in Section 6.3 to give an alternative

proof of Theorem 1.3.
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This paper contains three appendices. In Appendix A, we explain how the main result in [Tot16]

implies that Theorem 1.4 fails for i = 2n and j = n ≥ 2 in a strong sense, see Corollary A.2. In

Appendix B, we use the Bloch–Kato conjecture, as proved by Rost and Voevodsky, to show that the

ℓ-primary torsion subgroup of Milnor K-theory of a field of characteristic different from ℓ is ℓ-divisible, if

the field contains all ℓ-primary roots of unity; the result had been conjectured by Merkurjev in [Mer88].

We use the result to give yet another proof of Theorem 1.1 in Section 6.3. Finally, in Appendix C,

for smooth projective varieties, we give a concise description of divisibility results for Lichtenbaum

motivic cohomology groups (following e.g. [Gei17, Kah12, RS16]) and deduce further positive answers

to Question 1.7.

2. Preliminaries

2.1. Conventions. An algebraic scheme is a separated scheme of finite type over a field. A variety is

an integral algebraic scheme. A finitely generated field is a field that is finitely generated over its prime

field. We say that an algebraic scheme X over a field k has (or admits) a model over k0 if X ≃ X0×k0 k

for some algebraic scheme X0 over k0.

For an abelian group A and a prime ℓ, we denote the ℓr-torsion subgroup of A by A[ℓr]; moreover,

the ℓ-primary torsion subgroup of A is denoted by A[ℓ∞].

If τ denotes a Grothendieck topology on X, then we denote by Ab(Xτ ) the abelian category of sheaves

of abelian groups on Xτ . We further denote by D(Xτ ) := D(Ab(Xτ )) the (unbounded) derived category

of sheaves of abelian groups on Xτ .

2.2. Elementary division properties for abelian groups.

Lemma 2.1. Let A be an abelian group and ℓ a prime number. Then the following properties are

equivalent:

(1) A⊗Qℓ/Zℓ = 0;

(2) A ⊂ ℓA+A[ℓ∞];

(3) For all n > 0, A ⊂ ℓnA+A[ℓ∞];

(4) For all n > 0, the map A[ℓ∞] → A/ℓnA is surjective;

(5) The group A is an extension of an ℓ-divisible group by an ℓ-primary torsion group.

Proof. Note that

A⊗Qℓ/Zℓ = A⊗ lim //
n

Z/ℓn,

where the maps Z/ℓn → Z/ℓn+1 are given by multiplication by ℓ. Assume (1). For any a ∈ A, the image

of its class in A/ℓ under some map ℓn : A/ℓA → A/ℓn+1 vanishes. Hence ℓna = ℓn+1b for some b ∈ A

and so ℓn(a− ℓb) = 0 ∈ A. Thus (1) implies (2), which is equivalent to (3), which is equivalent to (4).

Let B = A/A[ℓ∞] and assume (4). Then B/ℓn = 0 for all n > 0. The exact sequence

0 //A[ℓ∞] //A //B // 0,

thus shows that (4) implies (5). Let us finally assume (5). That is, there is an exact sequence

0 // T //A //D // 0
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for an ℓ-primary torsion group T and an ℓ-divisible group D. Since T ⊗Qℓ/Zℓ = 0 and D⊗Qℓ/Zℓ = 0,

we find that (1) holds, which concludes the proof of the lemma. □

Remark 2.2. There is a straightforward analogue of Lemma 2.1 where one replaces A⊗Qℓ/Zℓ = 0 by

the hypothesis A⊗Q/Z = 0.

Remark 2.3. If an abelian group A satisfies A ⊗ Q/Z = 0 (i.e. A ⊗ Qℓ/Zℓ = 0 for all primes ℓ), it

need not be an extension of a torsion group by a divisible group. Indeed, let A =
∏

p Z/p, where p

runs through all primes. Let ℓ be a prime. For any n > 0, we have A ⊗ Z/ℓn = Z/ℓ and the natural

inclusion Z/ℓn ↪→ Z/ℓn+1 given by multiplication by ℓ induces the map A⊗ Z/ℓn → A⊗ Z/ℓn+1 which

is multiplication by ℓ on Z/ℓ, hence zero. Taking direct limits, we get A ⊗ Qℓ/Zℓ = 0. However, no

nonzero element of A =
∏

p Z/p is divisible by all primes. Thus A contains no divisible subgroup. If

A was an extension of a torsion group by a divisible group, it would thus be a torsion group. But the

diagonal element (1, . . . , 1, . . . ) ∈ A is not a torsion element.

2.3. ℓ-adic (pro-)étale cohomology. Let X be a scheme endowed with some Grothendieck topology

τ on X. Important examples are the small étale site τ = ét and the small pro-étale site τ = proét, see

[BhS15]. We denote by ν : Xproét → Xét the natural map of sites.

For a prime ℓ invertible on X, we will write

Hi(Xét,Z/ℓr(n)) := Hi(Xét, µ
⊗n
ℓr ) := Ri Γ(Xét, µ

⊗n
ℓr ) and Hi(Xét,Qℓ/Zℓ(n)) := lim //

r

Hi(Xét,Z/ℓr(n)).

Sometimes we also write Hi
ét(X,A(n)) instead of Hi(Xét, A(n)). By [BhS15, Proposition 5.2.6.(2)], the

adjunction map id → R ν∗ν
∗ is an equivalence and so we may compute the above cohomology groups in

the pro-étale site as well.

We further consider the sheaves

Ẑℓ(n) := lim←−
r

ν∗µ⊗nℓr ∈ Ab(Xproét) and Q̂ℓ(n) := Ẑℓ(n)⊗Ẑℓ
Q̂ℓ ∈ Ab(Xproét),

where Q̂ℓ is the sheaf on Xproét associated to the topological ring Qℓ via [BhS15, Lemma 4.2.12].

Sometimes we will also drop the hat in the above notations; in particular, we will frequently write

Hi(Xproét,Zℓ(n)) := Ri Γ(Xproét, Ẑℓ(n)) and Hi(Xproét,Qℓ(n)) := Ri Γ(Xproét, Q̂ℓ(n)).

These groups agree with Jannsen’s continuous étale cohomology groups from [Jan88], see [BhS15, Propo-

sition 5.6.2]. Moreover, Hi(Xproét,Qℓ(n)) = Hi(Xproét,Zℓ(n))⊗Zℓ
Qℓ.

If X is an algebraic scheme over a field k with k separably closed or finite, then the above groups

coincide with the usual étale cohomology groups:

Hi(Xproét,Zℓ(n)) = Hi(Xét,Zℓ(n)) and Hi(Xproét,Qℓ(n)) = Hi(Xét,Qℓ(n)),(2.1)

because Hi(Xét, µ
⊗n
ℓr ) is finite in this case and so the Mittag–Leffler condition is satisfied, see [Jan88, p.

208, (0.2)].
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2.4. ℓ-adic (pro-)étale Borel–Moore homology. Let X be an algebraic scheme of dimension dX

over a field k with structure morphism πX : X → Spec k. Let ℓ be a prime invertible in k. We denote

the Borel–Moore homology of X with values in Zℓ by

Hi
BM (X,Zℓ(n)) := HBM

2dX−i(X,Zℓ(dX − n)) = Hi−2dX (Xproét, π
!
X Ẑℓ(n− dX)),

see [BhS15] and [Sch23, Section 4 and Proposition 6.6]. The analogue with Z/ℓr-coefficients may directly

be defined on the étale site of X as follows:

Hi
BM (X,Z/ℓr(n)) := Hi

BM (X,µ⊗nℓr ) := HBM
2dX−i(X,µ⊗dX−n

ℓr ) = Hi−2dX (Xét, π
!
Xµ⊗n−dX

ℓr ).

We further define

Hi
BM (X,Qℓ(n)) := Hi

BM (X,Zℓ(n))⊗Zℓ
Qℓ and Hi

BM (X,Qℓ/Zℓ(n)) := lim //
r

Hi
BM (X,Z/ℓr(n)).

The above defined groups are contravariantly functorial for étale maps of schemes of the same dimension

and hence in particular for open immersions U ↪→ X with dimU = dimX, see e.g. [Sch23, Proposition

6.6].

Let A ∈ {Z/ℓr,Zℓ,Qℓ,Qℓ/Zℓ}. If Z ⊂ X is closed of codimension c = dimX − dimZ and with

complement U = X \ Z, then we have a Gysin (or localization) sequence

· · · → Hi−2c
BM (Z,A(n− c)) → Hi

BM (X,A(n)) → Hi
BM (U,A(n)) → Hi+1−2c

BM (Z,A(n− c)) → . . . ,(2.2)

see e.g. [Sch23, §4, (P2) and Proposition 6.6].

If X is smooth and equi-dimensional, then we have π!
X ≃ π∗X(dX)[2dX ], by Poincaré duality, and so

Hi
BM (X,A(n)) = Hi(X,A(n)) := Hi(Xproét, A(n)),(2.3)

for all A ∈ {Z/ℓr,Zℓ,Qℓ,Qℓ/Zℓ}, see e.g. [Sch23, Lemma 6.5].

Remark 2.4. The groups Hi
BM (X,A(n)) agree up to a reindexing with Borel–Moore homology. In

this paper we use the cohomological indexing convention, as it makes several of the arguments and

statements in this paper, such as Theorem 1.6 or Proposition 3.2, independent of the dimension of

X. Since Hi
BM (X,A(n)) agrees with ordinary cohomology if X is smooth and equi-dimensional, this

convention may also make various generalizations from the case of smooth varieties to arbitrary equi-

dimensional quasi-projective schemes more transparent.

2.5. Duality and base change. In this subsection we recall some consequences of the six-functor

formalism as developed in [BhS15, Section 6.7] (see also [Eke90] for the analogous results for Jannsen’s

continuous étale cohomology). The results are well-known and we give some details for convenience of

the reader.

To begin with, we denote as usual the compactly supported ℓ-adic pro-étale cohomology of a qcqs

Z[1/ℓ]-scheme X by

Hi
c(X,Zℓ(n)) := Hi(Spec k,RπX!Ẑℓ(n)) and Hi

c(X,Qℓ(n)) := Hi
c(X,Zℓ(n))⊗Qℓ.

Lemma 2.5. Let X be an algebraic scheme of dimension dX over a separably closed field k and let ℓ

be a prime invertible in k. Then there is a canonical isomorphism

Hi
BM (X,Qℓ(n)) ≃ HomQℓ

(H2dX−i
c (X,Qℓ(dX − n)),Qℓ) = H2dX−i

c (X,Qℓ(dX − n))∗.
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Proof. In [BhS15, Section 6.7], Bhatt and Scholze prove the six functor formalism for constructible

complexes of Ẑℓ-modules on qcqs schemes (see [BhS15, Definition 6.5.1]) on which ℓ is invertible. We

apply this to a morphism f : X → Y of algebraic schemes over k, where k is a separably closed field

such that ℓ is invertible in k. The formalism then yields the natural identity

Rf∗RHomX(K, f !L) ≃ // RHomY (Rf!K,L).(2.4)

Indeed, for every M ∈ Dcons(Yproét, Ẑℓ) we have the following natural identities, where we write

HomX := HomDcons(Xproét,Ẑℓ)
and HomY := HomDcons(Yproét,Ẑℓ)

:

HomY

(
M,Rf∗RHomX(K, f !L)

)
≃ HomX

(
f∗compM,RHomX(K, f !L)

)
≃ HomX

(
f∗compM⊗̂K, f !L

)
≃ HomY

(
Rf!(f

∗
compM⊗̂K), L

)
≃ HomY

(
M⊗̂Rf!K,L

)
≃ HomY (M,RHomY (Rf!K,L)) .

Here the first and third isomorphisms use the adjunctions f∗comp ⊣ Rf∗ and Rf! ⊣ f ! (see [BhS15,

Lemmas 6.7.2 and 6.7.19]), the second and last use the tensor–Hom adjunction (see [BhS15, Lemmas

3.4.11, 6.7.12 and 6.7.13]), and the fourth is the projection formula (see [BhS15, Lemma 6.7.14]). (We

note that in the above computation, the completed tensor product could be replaced by the ordinary

tensor product by [BhS15, Lemma 6.5.5].) The claim now follows from the Yoneda Lemma.

We apply (2.4) to the structure morphism f := πX : X → Spec k and the locally constant pro-étale

sheaves K = Ẑℓ and L = Ẑℓ(n− dX)[−2dX ]. We then get

Hi
BM (X,Qℓ(n))

≃ // Ri−2dXHomSpec k(Rf!Ẑℓ, Ẑℓ(n− dX))⊗Qℓ.

Moreover,

Ri−2dXHomSpec k(Rf!Ẑℓ, Ẑℓ(n− dX))⊗Qℓ = Ri−2dXHomSpec k(Rf!Ẑℓ(dX − n), Ẑℓ)⊗Qℓ

= HomQℓ
(R2dX−if!Ẑℓ(dX − n)⊗Qℓ,Qℓ)

= HomQℓ
(H2dX−i

c (X,Qℓ(dX − n)),Qℓ).

This completes the proof. □

Lemma 2.6. Let

X ′
g′
//

f ′

��

X

f

��

T
g
// S

be a Cartesian diagram of qcqs schemes on which ℓ is invertible, with f separated of finite presentation.

Let A := Ẑℓ (resp. A = Z/ℓr) and denote the corresponding locally constant pro-étale (resp. étale) sheaf

on S and T by AS and AT , respectively. Then for every n ∈ Z there is a natural isomorphism in

Dcons(Tproét, Ẑℓ) (resp. in Dcons(Tét,Z/ℓr))

g∗Rf∗f
!AS(n) ≃ Rf ′∗f

′!AT (n).



10 JEAN-LOUIS COLLIOT-THÉLÈNE AND STEFAN SCHREIEDER

Proof. We treat only the case A = Ẑℓ; the case A = Z/ℓr follows via the same argument.

Let A := Ẑℓ. For any M,N ∈ Dcons(Sproét, Ẑℓ) we have f !(M⊗̂N) = (f !M)⊗̂f∗compN , which follows

from the projection formula [BhS15, Lemma 6.7.14] and adjunction. Hence, (f !AS)(n) = f !(AS(n)) and

we get

RHomX(AX(−n), f !AS) = RHomX(AX , f !AS(n)) = f !AS(n).

Therefore, applying (2.4) to K = AX(n) and L = AS yields

Rf∗f
!AS(n) ≃ RHomS(Rf!AX(−n), AS).

Pulling back along g and using compatibility of g∗ with internal Hom, we obtain

g∗Rf∗f
!AS(n) ≃ RHomT (g

∗Rf!AX(−n), AT ).

By proper base change for Rf! (see [BhS15, Lemma 6.7.10]),

g∗Rf!AX(−n) ≃ Rf ′!AX′(−n),

and therefore

g∗Rf∗f
!AS(n) ≃ RHomT (Rf ′!AX′(−n), AT ).

Applying (2.4) again, now to f ′, gives

RHomT (Rf ′!AX′(−n), AT ) ≃ Rf ′∗RHomX′(AX′(−n), f ′
!
AT ) ≃ Rf ′∗f

′!AT (n),

which proves the claim. □

Proposition 2.7. Let ℓ be a prime and let A ∈ {Zℓ,Qℓ,Qℓ/Zℓ,Z/ℓr}. Let f : X → S be a separated

morphism of finite presentation between qcqs schemes on which ℓ is invertible. Assume that S is Noether-

ian and integral with function field k0 and geometric generic point η̄ = Spec k, where k/k0 is a separable

closure. Then there is a dense open subset U ⊂ S such that for each geometric point s̄ → U ⊂ S and

each specialization η̄ ; s̄, there is a natural isomorphism

Hi
BM (Xs̄, A(n)) ≃ // Hi

BM (Xη̄, A(n))

which is compatible with Galois actions in the following sense: Let s ∈ S denote the image of s̄ with

decomposition group Gs ⊂ Gk0
= Gal(k/k0) at s. Then the inertia group Is ⊂ Gs at s acts trivially on

Hi
BM (Xη̄, A(n)) and the induced action of the absolute Galois group Gκ(s) ≃ Gs/Is of κ(s) agrees via

the above isomorphism with the natural action on Hi
BM (Xs̄, A(n)).

Proof. Up to shrinking S, we can assume that f is flat of relative dimension d. Consider the constructible

complex Rf∗f
!Ẑℓ(n − d) ∈ Dcons(Sproét, Ẑℓ). By [BhS15, Proposition 6.6.11], we can, up to shrinking

S further, assume that this complex is locally constant with perfect values, i.e. locally isomorphic to

L̂ ≃ L ⊗Zℓ
Ẑℓ for some perfect complex L of Zℓ-modules. We claim that under this assumption, the

base change assertions claimed in the proposition hold true.

By Lemma 2.6, and because taking stalks of complexes commutes with taking cohomology, we have

canonical isomorphisms

Hi
BM (Xs̄, Ẑℓ(n))

≃ //
(
Ri−2df∗f

!Ẑℓ(n− d)
)
s̄

(2.5)
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and

Hi
BM (Xη̄, Ẑℓ(n))

≃ //
(
Ri−2df∗f

!Ẑℓ(n− d)
)
η̄
.(2.6)

The choice of a specialization η̄ ; s̄ corresponds to the choice of an S-morphism η̄ → T := SpecOsh
S,s̄

to the spectrum of the strict Henselization of S at s̄. Since Rf∗f
!Ẑℓ(n − d) is locally constant by

assumption, its restriction to T is constant by [BhS15, Corollary 6.5.7]. The choice of T therefore

induces, in view of (2.5) and (2.6), a canonical identification

Hi
BM (Xs̄, Ẑℓ(n))

≃ // Hi
BM (Xη̄, Ẑℓ(n))

which is compatible with the respective Galois actions, as claimed in the proposition. This proves the

proposition for A = Zℓ and we obtain the result for A = Qℓ by applying ⊗Zℓ
Qℓ.

Let us deal with the case A = Z/ℓr next. For each r, there is a distinguished triangle

Rf∗f
!Ẑℓ(n− d) ·ℓr // Rf∗f

!Ẑℓ(n− d) //Rf∗f
!Z/ℓr(n− d) +1 // .

Since Rf∗f
!Ẑℓ(n− d) ∈ Dcons(Sproét, Ẑℓ) is locally constant with perfect values, the same holds true for

Rf∗f
!Z/ℓr(n− d). The same argument as above then yields an isomorphism

Hi
BM (Xs̄,Z/ℓr(n)) ≃ // Hi

BM (Xη̄,Z/ℓr(n)),

that is compatible with Galois actions. Taking direct limits, we obtain the same result for A = Qℓ/Zℓ.

(This step uses the fact that we do not have to shrink S further, once we have ensured that Rf∗f
!Ẑℓ(n−d)

is locally constant; in particular, our choice of S does not depend on r.) This concludes the proof. □

2.6. Refined unramified ℓ-adic cohomology. Let X be an algebraic scheme over a field k. We let

FjX be the pro-scheme that consists of all open subsets U ⊂ X whose complement Z = X \ U has

codimension dimX − dimZ ≥ j + 1. We then define

Hi
BM (FjX,A(n)) := lim //

U⊂X
Hi

BM (U,A(n)),(2.7)

where U ⊂ X runs through all open subsets with FjX ⊂ U , i.e. all open subsets that belong to the

pro-scheme FjX. The j-th refined unramified cohomology of X is then defined by

Hi
j,nr(X,A(n)) := im(Hi

BM (Fj+1X,A(n)) → Hi
BM (FjX,A(n))).(2.8)

Let k0 ⊂ k be a subfield such that k/k0 is Galois with group G and such that X = X0 ×k0
k. If

U ⊂ X is open with FjX ⊂ U , then we can replace the complement Z := X \ U by its Galois orbit to

construct an open subset U ′ ⊂ X which is defined over k0 and satisfies U ′ ⊂ U and FjX ⊂ U ′. This

shows that in the limit (2.7) we may run only over those open subsets that are defined over k0. Hence,

Hi
BM (FjX,A(n)) and Hi

j,nr(X,A(n)) carry natural A-linear G-actions and hence are A-G-modules.
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2.7. Motivic cohomology. Let X be a smooth equi-dimensional scheme over a field k and let A be

an abelian group. We consider Bloch’s cycle complex

A(n) := A(n)Zar := zn(−Zar, •)[−2n]⊗L A ∈ D(XZar)(2.9)

with values in A, which is a complex of sheaves in the Zariski topology of X, see [Blo86]. By convention,

this complex is zero for n < 0. We denote the i-th cohomology sheaf of A(n)Zar by Hi
M (A(n)) and

define the motivic cohomology of X with values in A by

Hi
M (X,A(n)) := Hi(XZar, A(n)Zar).

By [Blo86, page 269, (iv)], motivic cohomology with integral coefficients is canonically isomorphic to

higher Chow groups:

Hi
M (X,Z(n)) ≃ CHn(X, 2n− i).(2.10)

In particular, Hi
M (X,Z(n)) agrees with Voevodsky’s definition of motivic cohomology, see [Voe02].

We list two more consequences of (2.10). Firstly,

Hi
M (X,Z(n)) = 0 for i > dimX + n(2.11)

because classes in CHn(X, 2n− i) are represented by codimension n cycles on X ×∆2n−i. Secondly, if

X admits a model X0 over a subfield k0 ⊂ k, then

Hi
M (X,Z(n)) ≃ lim→

L/k0

Hi
M (X0 ×k0 L,Z(n))(2.12)

where the direct limit runs through all subfields L ⊂ k which contain k0 and such that L/k0 is finitely

generated.

Lemma 2.8. Let X be a smooth variety over a field k and let m be a positive integer invertible in k.

Then, for i > n, we have Hi
M (Z(n)) = 0 and Hi

M ((Z/m)(n)) = 0.

Proof. The vanishing of Hi
M (Z(n)) for i > n follows from the Gersten Conjecture for higher Chow

groups [Blo86, Theorem 10.1] and the fact that CHn(Specκ(x), 2n− i) = 0 for all i > n and all x ∈ X.

The vanishing of Hi
M ((Z/m)(n)) follows from this via the long exact Bockstein sequence

. . . //Hi
M (Z(n)) ×m // Hi

M (Z(n)) //Hi
M (Z/m(n)) //Hi+1

M (Z(n)) // . . . .

This proves the lemma. □

The pullback of A(n)Zar to the small étale site of X is denoted by A(n)ét. If m ≥ 2 denotes an integer

invertible in k, then, by [GL01, Theorem 1.5], we have

Z/m(n)ét ≃ µ⊗nm .(2.13)

Theorem 2.9. Let X be a smooth algebraic scheme over a field k and let ℓ be invertible in k. Let

π : Xét → XZar be the natural map of sites. Then, for j ≤ n, the natural map

τ≤jZ/ℓr(n)Zar // τ≤j Rπ∗Z/ℓr(n)ét

is an isomorphism.
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Proof. By the work of Suslin–Voevodsky [SV00] and Geisser–Levine [GL01, Theorem 1.5], this is a

consequence of the Beilinson–Lichtenbaum conjecture proven by Rost and Voevodsky [Voe11], see also

[Voe03, Theorem 6.6]. □

3. Mixed and ind-mixed Galois modules

3.1. Mixed Galois modules. Let k0 be a finitely generated field with separable closure k = ksep0 .

Let Gk0
= Gal(k/k0) be the absolute Galois group of k0. Pick a normal finite type Z-scheme S with

function field k0. For a closed point s ∈ S we have the decomposition group Gs ⊂ Gk0
and a surjection

φs : Gs
// //Gκ(s) with inertia group Is = ker(φs).

We say that a continuous Qℓ-Gk0
-module M is pure of weight w if it is finite-dimensional as Qℓ-vector

space, and the following holds up to shrinking S (and possibly replacing S by a purely inseparable

dominant cover): for all closed points s ∈ S, the inertia group Is acts trivially on M and the induced

Gκ(s)-action has the property that the geometric Frobenius element in Gκ(s) acts with eigenvalues of

absolute value q
w/2
s (where κ(s) = Fqs) with respect to any embedding Qℓ ↪→ C.

More generally, a Qℓ-Gk0
-module M is mixed if it is finite-dimensional as a Qℓ-vector space and if it

has a descending weight filtration W∗ whose graded quotients are pure Qℓ-Gk0
-modules of some weight.

We say that the weights w of M are contained in a subset B ⊂ Z if the weights of the nonzero graded

quotients of M are contained in B.

We recall the following simple lemma for the comfort of the reader.

Lemma 3.1. In the above notation, let M1 → M2 → M3 be an exact sequence of mixed Qℓ-Gk0-modules.

Then the weights of M2 are contained in the union of the weights of M1 and M3.

Proof. This follows from the elementary fact that for an exact sequence of finite-dimensional vector

spaces V1 → V2 → V3 over a field and an endomorphism ϕ on this sequence, the eigenvalues of ϕ on V2

are contained in the union of the eigenvalues of ϕ on V1 and those of ϕ on V3. □

The following result provides an important source of mixed Galois modules, cf. [BaS26, Lemma 3.11].

Proposition 3.2. Let k0 be a finitely generated field, let k be the separable closure of k0 and let G =

Gal(k/k0). Let Z0 be an equi-dimensional algebraic scheme over k0 with base change Z := Z0×k0
k. Then

the Qℓ-G-module Hi
BM (Z,Qℓ(n)) is mixed with weights contained in {i− 2n, i− 2n+1, . . . , i− 2n+ i}.

Proof. Let S = SpecA for a finite type Z-algebra A with fraction field k0, such that there is a separated

scheme of finite type f : Z → S whose generic fibre is isomorphic to Z. Then the complex Rf∗f
!Q̂ℓ(n) is

constructible. By the base change result in Lemma 2.6, it follows that we may, by [BhS15, Proposition

6.6.11] and up to shrinking S, assume that Rf∗f
!Q̂ℓ(n) is locally constant. By a result of Deligne [Del80],

the cohomology sheaves of Rf∗f
!Q̂ℓ(n) are pointwise mixed, see [Hub97, Proposition 3.2] and [Mor25,

§2.1, §2.6]. By the base change result in Lemma 2.6 this implies that the Qℓ-G-module Hi
BM (Z,Qℓ(n))

is mixed, cf. Proposition 2.7.

It remains to compute the weights of Hi
BM (Z,Qℓ(n)). Up to replacing Z by its reduction, we can, by

the topological invariance of the pro-étale site (see [BhS15, Lemma 5.4.2]), assume that it is reduced.

By a similar argument we can, up to replacing k0 by a purely inseparable extension, assume that Z is
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geometrically reduced. In particular, Z0 is generically smooth. We pick a smooth affine open subset

U0 ⊂ Z0 such that the complement W0 ⊂ Z0 is of pure codimension one. (This can always be done

by replacing components of the wrong codimension by the closure of a suitable hyperplane section in

an affine chart that contains the generic point of that component.) We denote by U = U0 ×k0
k and

W = W0 ×k0
k the base changes of U0 and W0. Then U ⊂ Z is a smooth dense open subset which is

stable under the G-action, such that W = Z \U is equi-dimensional of codimension one in Z. By (2.2),

there is an exact sequence of finite dimensional Qℓ-vector spaces with a Galois action

Hi−2
BM (W,Qℓ(n− 1)) //Hi

BM (Z,Qℓ(n)) //Hi
BM (U,Qℓ(n)).

By induction on the dimension of Z, we may assume that Hi−2
BM (W,Qℓ(n − 1)) is mixed with weights

contained in {i− 2n, i− 2n+ 1, . . . , 2i− 2n− 2}. In order to show that Hi
BM (Z,Qℓ(n)) is mixed with

weights contained in {i−2n, i−2n+1, . . . , 2i−2n}, it thus suffices by Lemma 3.1 to prove the same for

Hi
BM (U,Qℓ(n)). Since U is smooth and equi-dimensional, we have Hi

BM (U,Qℓ(n)) ≃ Hi(Uproét,Qℓ(n)),

see (2.3). Moreover, since k is separably closed, Hi(Uproét,Qℓ(n)) ≃ Hi(Uét,Qℓ(n)) (see (2.1)) and so

it suffices to deal with ordinary ℓ-adic étale cohomology of U . This case is well-known; we include some

details for convenience of the reader. Recall first that for a proper generically finite morphism f between

smooth varieties, we have f∗f
∗ = deg(f) · id, see e.g. [Sch24, Lemma A.11]. Via de Jong’s alterations

[deJ96, Theorem 4.1 and Remark 4.2], the problem can therefore be reduced to the case where U admits

a smooth projective compactification U ⊂ Y whose complement E = Y \ U is a simple normal crossing

divisor. (More precisely, to obtain a smooth alteration and not just a regular one, we apply de Jong’s

theorem to the base change of U to the perfect closure of k and then descend the result to a finite

purely inseparable extension of k0—in this last step we have to replace the scheme S above by a purely

inseparable finite cover and k0 by a purely inseparable finite field extension.) Let Ei with i ∈ I be the

irreducible components of E. For a subset J ⊂ I we further put EJ :=
⋂

j∈J Ej and let

E[q] =
⋃

J⊂I,|J|=q

EJ .

We have a convergent spectral sequence

Ep,q
2 = Hp(E

[q]
ét ,Qℓ(n− q)) =⇒ Hp+q(Uét,Qℓ(n)),

see e.g. [Jan10, (2.4)]. By [Del74], Ep,q
2 is pure of weight p − 2n + 2q. Moreover, we have Ep,q

2 = 0 for

p < 0 or q < 0 and so only the terms Ei−q,q
2 for q = 0, . . . , i contribute to Hi(Uét,Qℓ(n)). This implies

that the weights of Hi(Uét,Qℓ(n)) are contained in

{i− 2n+ q | q = 0, . . . , i} = {i− 2n, i− 2n+ 1, . . . , i− 2n+ i}.

This concludes the proof of the proposition. □

3.2. Ind-mixed Galois modules. By definition, a mixed Qℓ-Gk0-module is finite-dimensional as a

Qℓ-vector space. It is convenient to have the following generalization to infinite-dimensional vector

spaces.



DIVISIBILITY PHENOMENA IN MOTIVIC BLOCH–OGUS THEORY 15

Definition 3.3. A Qℓ-Gk0
-module M is ind-mixed with weights contained in a subset B ⊂ Z, if

M ≃ lim //
i∈I

Mi

is isomorphic to a direct limit of Qℓ-Gk0
-modules Mi, such that the following holds for all i ∈ I:

(1) Mi is finite-dimensional as Qℓ-vector space;

(2) Mi is mixed with weights contained in B.

In view of Proposition 3.2, we have the following example.

Example 3.4. Let X be an algebraic k-scheme with model over k0. Then the group Hi
BM (FjX,Qℓ(n))

from (2.7) and the refined unramified ℓ-adic cohomology group Hi
j,nr(X,Qℓ(n)) from (2.8) are ind-mixed

Qℓ-Gk0
-modules.

For X smooth and projective, we shall compute the weights of Hi
j,nr(X,Qℓ(n)) in Proposition 3.7

below. To this end, we will need a couple of general results on ind-mixed Galois modules that we collect

next.

Lemma 3.5. A Qℓ-Gk0
-module M is ind-mixed (with weights contained in B ⊂ Z) if and only if M is

the union of its finite-dimensional Qℓ-Gk0
-submodules and each of these submodules is mixed (of weights

contained in B).

Proof. If M is the union of its finite-dimensional Qℓ-Gk0
-submodules and each of these submodules is

mixed of weights contained in B, then clearly M is ind-mixed with weights contained in B. For the

converse, assume that M is ind-mixed. In the notation of Definition 3.3, we can replace each Mi by its

image in M , which is still a mixed Qℓ-Gk0 -module with weights contained in B. But then the direct limit

in Definition 3.3 turns into a union of mixed modules and we see that an ind-mixed Qℓ-Gk0
-module with

weights contained in B is a union of mixed Qℓ-Gk0
-modules with weights contained in B. It also shows

that any finite-dimensional Qℓ-Gk0
-submodule of M is contained in some mixed Qℓ-Gk0

-submodule

with weights contained in B and hence it is itself mixed with weights contained in B. This proves the

lemma. □

A morphism of ind-mixed Qℓ-Gk0
-modules is a morphism of the underlying Qℓ-Gk0

-modules.

Lemma 3.5 implies that images and kernels of morphisms of ind-mixed Qℓ-Gk0-modules are again ind-

mixed Qℓ-Gk0 -modules. More generally, one easily sees that the category of ind-mixed Qℓ-Gk0-modules

is abelian; in fact, this category is nothing but the ind-completion of the (Tannakian) category of mixed

Qℓ-Gk0
-modules.

We will also need the following simple lemma.

Lemma 3.6. Let f : M → N be a morphism of ind-mixed Qℓ-Gk0
-modules. If M has weights contained

in B ⊂ Z, then the same holds for the image f(M) ⊂ N .

Proof. If

M ≃ lim //
i∈I

Mi then f(M) ≃ lim //
i∈I

f(Mi)

and so the lemma follows from the fact that the image of a mixed Qℓ-Gk0 -module with weights contained

in B is again mixed with weights contained in B. □
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We conclude this section with the following two results which compute the weights of certain natural

ind-mixed Qℓ-G-modules.

Proposition 3.7. Let k0 be a finitely generated field and let k be the separable closure of k0 with Galois

group G = Gal(k/k0). Let X0 be a smooth projective variety over k0 and set X := X0 ×k0
k. Then the

weights w of the ind-mixed Qℓ-G-module Hi
j,nr(X,Qℓ(n)) satisfy

i− 2n ≤ w ≤ max(i− 2n, 2i− 2n− 2j − 2).

Proof. It suffices to show that any finitely generated Qℓ-G-module M ⊂ Hi
j,nr(X,Qℓ(n)) that is finitely

generated as a Qℓ-vector space has weights as claimed in the proposition. There is an open subset

U ⊂ X with Fj+1X ⊂ U such that

M ⊂ im(Hi(Uét,Qℓ(n)) //Hi(FjX,Qℓ(n))).

Using Lemma 3.6, it thus suffices to show that the weights of the Galois module Hi(Uét,Qℓ(n)) are as

claimed. To show this, let Z := X \U . Replacing Z by a suitable complete intersection that contains it,

we can without loss of generality assume that Z is pure-dimensional of codimension j + 2 in X. Then

the localization sequence (2.2) yields a short exact sequence

Hi(Xét,Qℓ(n)) //Hi(Uét,Qℓ(n)) //Hi−2j−3
BM (Z,Qℓ(n− j − 2)).

By [Del74],Hi(Xét,Qℓ(n)) is pure of weight i−2n. Moreover, by Proposition 3.2 above,Hi−2j−3
BM (Z,Qℓ(n−

j − 2)) has weights w in the interval

i− 2j − 3− 2n+ 2j + 4 = i− 2n+ 1 ≤ w ≤ i− 2n+ 1 + i− 2j − 3 = 2i− 2j − 2n− 2.

This proves the proposition. □

Proposition 3.8. Let k0 be a finitely generated field and let k be the separable closure of k0 with Galois

group G = Gal(k/k0). Let X0 be a smooth quasi-projective variety over k0 and set X := X0×k0
k. Then

the Qℓ-G-module

Hp(XZar,R
q πproét
∗ Q̂ℓ(n))

is ind-mixed and its weights w satisfy

p+ q − 2n ≤ w ≤ max(p+ q − 2n, 2q − 2n).

If X is projective and p ≤ 1, then the stronger conclusion

p+ q − 2n ≤ w ≤ max(p+ q − 2n, 2q − 2n− 2)

holds true.

Proof. Note that the Gersten conjecture holds for ℓ-adic pro-étale cohomology (see e.g. [Sch24]). It

follows that Hp(XZar,R
q πproét
∗ Q̂ℓ(n)) is a subquotient of

⊕
x∈X(p) Hq−p(x,Qℓ(n− p)), where

Hq−p(x,Qℓ(n− p)) = Hq−p
BM (F0{x},Qℓ(n− p)).

By Example 3.4, this is an ind-mixed Qℓ-Gk0
-module, whose weights are contained in

{q + p− 2n, q + p− 2n+ 1, . . . , 2q − 2n},
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see Proposition 3.2. Hence, the same holds for
⊕

x∈X(p) Hq−p(x,Qℓ(n − p)) and hence also for the

subquotient Hp(X,Rq πproét
∗ Q̂ℓ(n)). This proves the first part of the proposition.

Let now X be smooth projective. By [Sch23, Proposition 7.35], there is an exact sequence

Hp+q−1
p−2,nr(X,Qℓ(n)) //Hp(XZar,R

q πproét
∗ Q̂ℓ(n)) //Hp+q

p,nr(X,Qℓ(n)).

By Proposition 3.7, the weights w of Hp+q
p,nr (X,Qℓ(n)) satisfy:

p+ q − 2n ≤ w ≤ max(p+ q − 2n, 2q − 2n− 2).

If p < 2, then Hp+q−1
p−2,nr(X,Qℓ(n)) = 0 and so the second assertion in the proposition follows. □

Remark 3.9. Since k is separably closed, the sheaf Rq πproét
∗ Q̂ℓ(n) agrees by (2.1) with the sheaf

Hq
ét(Qℓ(n)) associated to the presheaf U � //Hq(Uét,Qℓ(n)). It follows that Proposition 3.8 applies to

Hp(X,Hq
ét(Qℓ(n))).

3.3. Some consequences over finite fields.

Proposition 3.10. Let X be a quasi-projective scheme over a finite field k and let ℓ be a prime invertible

in k. Then Hi
BM (X,Zℓ(n)) is finite for i < n.

Proof. Let k̄ be an algebraic closure of k and let G = Gal(k̄/k) be the absolute Galois group of k. Since

k is a finite field, G ≃ Ẑ has cohomological dimension 1. By the Hochschild–Serre spectral sequence

(given by the composed functor spectral sequence), we thus get a short exact sequence

0 //Hi−1
BM (Xk̄,Zℓ(n))G //Hi

BM (X,Zℓ(n)) //Hi
BM (Xk̄,Zℓ(n))

G // 0.

By Proposition 3.2, Hi−1
BM (Xk̄,Qℓ(n)) and Hi

BM (Xk̄,Qℓ(n)) are mixed Galois modules of negative

weights, because i < n. This implies that Hi−1
BM (Xk̄,Zℓ(n))G and Hi

BM (Xk̄,Zℓ(n))
G are finite, hence so

is Hi
BM (X,Zℓ(n)). This concludes the proof. □

Proposition 3.11. Let k be a finite field and let X be a smooth projective equi-dimensional scheme

over k. Then Hi
j,nr(X,Qℓ(n)) = 0 for i < min(2n, n+ j + 1).

Proof. By (2.7) and (2.8), any class in Hi
j,nr(X,Qℓ(n)) is represented by a cohomology class α ∈

Hi(Uét,Qℓ(n)) for some open subset U ⊂ X with Fj+1X ⊂ U . Let Ū = U ×k k̄, where k̄ is the algebraic

closure of k. Let G = Gal(k̄/k) be the Galois group of k. By the Hochschild–Serre spectral sequence,

which degenerates by cohomological dimension reasons, we have an exact sequence

0 //Hi−1(Ūét,Qℓ(n))G //Hi(Uét,Qℓ(n)) //Hi(Ūét,Qℓ(n))
G // 0.

The weights w of Hi(Ūét,Qℓ(n)) satisfy (see the proof of Proposition 3.7),

i− 2n ≤ w ≤ max(i− 2n, 2(i− n− j − 1)).

Let now i < min(2n, n+j+1). Then the above inequality shows that w < 0 and so Hi(Ūét,Qℓ(n))
G =

0. Arguing similarly, we see that the weights w of Hi−1(Ūét,Qℓ(n)) satisfy

i− 1− 2n ≤ w ≤ max(i− 1− 2n, 2(i− 1− n− j − 1)) ≤ max(i− 2n, 2(i− n− j − 2)) < 0.

Hence, Hi−1(Ūét,Qℓ(n))G = 0 and so Hi(Uét,Qℓ(n)) = 0, as we want. This concludes the proof of the

proposition. □
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Corollary 3.12. Let k be a finite field and let X be a smooth projective equi-dimensional scheme over

k. Assume j < n and i < 2n. Then Hi(XZar, τ≤j Rπproét
∗ Qℓ(n)proét) = 0.

Proof. The canonical truncation triangle gives an exact sequence

Hi−1(XZar, τ≥j+1 Rπproét
∗ Qℓ(n)proét) //Hi(XZar, τ≤j Rπproét

∗ Qℓ(n)proét) //Hi(XZar,Rπproét
∗ Qℓ(n)proét)

Here,

Hi(XZar,Rπproét
∗ Qℓ(n)proét) ≃ Hi(Xét,Qℓ(n))

(see (2.1)) vanishes for i /∈ {2n, 2n+1} by the Hochschild–Serre spectral sequence and Deligne’s results

on weights, see [CTSS83, p. 780, (28)]. By [AS24, Theorem 1.2], we have a canonical isomorphism

Hi−1(XZar, τ≥j+1 Rπproét
∗ Qℓ(n)proét) ≃ Hi−1

i−j−2,nr(X,Qℓ(n)).

It thus suffices to show that

Hi−1
i−j−2,nr(X,Qℓ(n)) = 0

for j < n and i < 2n. By Proposition 3.11, the above group vanishes if

i− 1 < min(2n, n+ i− j − 2 + 1) = min(2n, n+ i− 1− j).

Equivalently, we need that i < 2n+ 1 and i < n+ i− j. The former holds because i ≤ 2n. The latter

is equivalent to j < n, which holds by assumption. This concludes the proof of the corollary. □

4. Refined unramified motivic cohomology

4.1. Unramified and refined unramified motivic cohomology. In this subsection it is convenient

to work with higher Chow groups of singular varieties, i.e. with Borel–Moore motivic homology. As in

(1.6), we adopt the convention that for any equi-dimensional quasi-projective k-scheme X of dimension

dX , we write

Hi
BM,M (X,A(n)) := HBM,M

2dX−i (X,A(dX − n)) := Hi(XZar, A
BM (n)),

where

ABM (n) = zn(−Zar, •)[−2n] ∈ D(XZar)(4.1)

is Bloch’s cycle complex from (2.9).2 If X is smooth and equi-dimensional, then Hi
BM,M (X,A(n)) =

Hi
M (X,A(n)) by our previous definition.

By [Blo86, p. 269, (iv)] (see also [Blo94]), we have a canonical isomorphism

Hi
BM,M (X,A(n)) ≃ CHn(X,A; 2n− i) := H2n−i(z

n(XZar, •)⊗L
Z A).(4.2)

(The derived tensor product on the right could be replaced by an ordinary one, because zn(XZar, •) is
a complex of sheaves of free Z-modules.)

We list some consequences of (4.2) in what follows. Firstly,

Hi
BM,M (X,Qℓ/Zℓ(n)) ≃ colimr H

i
BM,M (X,Z/ℓr(n)).(4.3)

2The superscript BM in the complex ABM (n) is only used to distinguish this complex from Voevodsky’s motivic

complex; both complexes are quasi-isomorphic if X is smooth and equi-dimensional but not in general.
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Secondly, if Z ⊂ X is a closed equi-dimensional subscheme of codimension c with complement U = X\Z,

then, by [Blo94], there is a functorial long exact localization sequence

Hi
BM,M (X,A(n)) //Hi

BM,M (U,A(n)) ∂ // Hi+1−2c
BM,M (Z,A(n− c)) //Hi+1

BM,M (X,A(n)).(4.4)

Thirdly, for a variety X over a field k, we have

Hi
M (k(X), A(n)) := Hi

M (Spec k(X), A(n)) ≃ lim //
U

Hi
BM,M (U,A(n))(4.5)

where U runs through all dense open subsets of X. To see the above isomorphism, note first that in the

definition of Hi
M (k(X), A(n)) in (4.5), we view Spec k(X) as a smooth scheme over k(X); in particular,

Hi
M (k(X), A(n)) ≃ CHn(k(X), A; 2n− i). Hence, the isomorphism in question follows from (4.2) and

CHn(k(X), A; 2n− i) ≃ lim //
U⊂X, dense

CHn(U,A; 2n− i).

We also note that if X is generically smooth, then, after restricting to the cofinal system of smooth

dense open subsets U ⊂ X, the terms Hi
BM,M (U,A(n)) in (4.5) may be replaced by Hi

M (U,A(n)).

Combining (4.4) and (4.5), we obtain, for all x ∈ X(1), residue maps

∂x : H
i
M (k(X), A(n)) //Hi−1

M (κ(x), A(n− 1)).

The unramified motivic cohomology with values in A is then defined by

Hi
M,nr(X,A(n)) := {α ∈ Hi

M (k(X), A(n)) | ∂xα = 0 ∀x ∈ X(1)}.

If X is smooth and equi-dimensional, equivalent definitions may be given analogously to [CT95,

Theorem 4.1.1]. For instance, by the Gersten conjecture proven by Bloch [Blo86, Blo94], we have a

canonical isomorphism

Hi
M,nr(X,A(n)) ≃ H0(X,Hi(A(n))).(4.6)

We have the following characterization for A = Z/m.

Lemma 4.1. Let X be a smooth variety over a field k and let m be an integer invertible in k. Then

Hi
M,nr(X,Z/m(n)) =

Hi
nr(Xét, µ

⊗n
m ) if i ≤ n;

0 otherwise.

Proof. If i ≤ n, then the claim is a direct consequence of the Beilinson–Lichtenbaum conjecture, proven

by Rost and Voevodsky [Voe11], see Theorem 2.9, and the fact that Z/m(n)ét ≃ µ⊗nm by Geisser–Levine,

see (2.13). If i > n, then Hi
M (k(X), A(n)) = 0 (see (2.11)) and the result is clear. □

For any abelian group A we also have the following description which holds without any smoothness

assumption.

Lemma 4.2. Let X be an equi-dimensional quasi-projective variety over a field and let α ∈ Hi
M,nr(X,A(n)).

Then, for all x ∈ X(1), there is a representative α′ ∈ Hi
BM,M (U,A(n)) of α via (4.5) for some open

subset U ⊂ X with x ∈ U .

Proof. This follows from (4.5) and the localization sequence (4.4) applied to a sufficiently small open

subset of X which contains x. □



20 JEAN-LOUIS COLLIOT-THÉLÈNE AND STEFAN SCHREIEDER

As in [Sch23, Definition 5.1], we define the refined unramified motivic cohomology as follows, cf. [KZ23,

§4.2] and [AS24, Section 2].

Definition 4.3. Let X be a smooth equi-dimensional quasi-projective scheme over a field k and let A

be an abelian group. For j ≥ 0, we define Hi
M (FjX,A(n)) as the direct limit of Hi

M (U,A(n)) where

U runs through all open subsets of X such that U contains all codimension j points of X. We further

define the j-th refined unramified motivic cohomology of X as

Hi
M,j,nr(X,A(n)) := im(Hi

M (Fj+1X,A(n)) → Hi
M (FjX,A(n))).

If X is integral, there is a canonical isomorphism Hi
M (F0X,Z(n)) ≃→ Hi

M (k(X),Z(n)). In view of

this, the unramified motivic cohomology identifies to the 0-th refined unramified motivic cohomology as

follows.

Proposition 4.4. Let X be a smooth projective variety over a field k. Then there is a canonical

isomorphism

Hi
M,0,nr(X,Z(n)) ≃ // Hi

M,nr(X,Z(n)).

Proof. The proof of [Sch23, Lemma 5.8] only requires a localization sequence which is compatible with

respect to Zariski localization; this exists for higher Chow groups thanks to [Blo94], see (4.4). In

particular, we get a long exact sequence

. . . //Hi
BM,M (Fj+1X,A(n)) //Hi

BM,M (FjX,A(n)) ∂ //
⊕

x∈X(j+1)

Hi−1−2j
M (κ(x), A(n− j − 1)) // . . . .

(4.7)

The statement in the proposition is a direct consequence of this applied to j = 0, because the canonical

map Hi
BM,M (F0X,A(n)) → Hi

M (k(X), A(n)) is an isomorphism, see (4.5).

For convenience of the reader, we give a second argument which involves the Mayer–Vietoris sequence

(which in turn is a consequence of the localization sequence, respectively the corresponding exact triangle

in the derived category). We first note that there is a canonical morphism

Hi
M,0,nr(X,Z(n)) //Hi

M,nr(X,Z(n))

which is injective because Hi
M (F0X,A(n)) ≃ Hi

M (k(X), A(n)). It thus suffices to prove that any un-

ramified class [α] ∈ Hi
M,nr(k(X), A(n)) lifts to a big open subset of X, i.e. to a Zariski open subset that

contains all codimension one points of X. To prove this, pick a representative α ∈ Hi
M (U,A(n)) of [α]

for some dense open subset U ⊂ X. Let S ⊂ X(1) be the set of codimension one points of X that are

not contained in U and note that S is a finite set. If S is empty, then α is a lift of [α] to F1X and we are

done. Otherwise, let x ∈ S. By Lemma 4.2, there is a class β ∈ Hi
M (V,A(n)) with x ∈ V such that β

and α agree on some dense open subset W ⊂ U ∩ V . Up to removing from V a closed subset that does

not contain x and removing from U a closed subset of codimension ≥ 2, we can assume W = U ∩V and

so α|U∩V = β|U∩V . We then consider the Mayer–Vietoris exact sequence (see e.g. [Lev04, (1.1), item

(3)])

. . . //Hi
M (U ∪ V,A(n)) //Hi

M (U,A(n))⊕Hi
M (V,A(n)) //Hi

M (U ∩ V,A(n)) // . . .
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and conclude that there is a class γ ∈ Hi
M (U ∪ V,A(n)) with γ|U = α. Note that X(1) \ (U ∪ V )(1) ⊂

S \ {x}. Repeating this argument inductively thus yields a lift of α to some open subset of X which

contains all codimension one points of X, as we want. □

4.2. Proof of Theorems 1.1 and 1.3.

Proof of Theorem 1.3. Using (2.12), we reduce to the case where k is the separable closure of a finitely

generated subfield k0 ⊂ k. Since Hi
M (k(X),Z(n)) vanishes for i > n, see Lemma 2.8, we may also

assume that i ≤ n. By the Chinese remainder theorem, it suffices to treat the case where m = ℓr is a

power of a prime ℓ that is invertible in k. By Lemma 4.1, it then suffices to prove that the natural map

Hi
M,nr(X,Z(n)) //Hi

nr(Xét, µ
⊗n
ℓr )

is zero. By Proposition 4.4, it suffices to prove that the natural map

Hi
M,0,nr(X,Z(n)) //Hi

0,nr(Xét, µ
⊗n
ℓr )

is zero. This map factors through a natural map

Hi
M,0,nr(X,Z(n)) //Hi

0,nr(X,Zℓ(n)).

By the Bloch–Kato conjecture, proven by Rost and Voevodsky [Voe11], Hi
0,nr(X,Zℓ(i−1)) is torsion-free

(see e.g. [Sch23, Remark 5.14]). Since k is separably closed, it contains all ℓ-power roots of unity, and so

Hi
0,nr(X,Zℓ(n)) ≃ Hi

0,nr(X,Zℓ(i − 1)) is torsion-free as well. It thus suffices to prove that the natural

map

Hi
M,0,nr(X,Q(n)) //Hi

0,nr(X,Qℓ(n))

is zero. The image of this map is an ind-mixed Galois submodule of weight 0. We thus conclude by

noting that the weights w of the ind-mixed Galois module Hi
0,nr(X,Qℓ(n)) satisfy

i− 2n ≤ w ≤ max(i− 2n, 2i− 2n− 2),

see Proposition 3.7, and so w ̸= 0, because n ≥ 1 and i ≤ n by the above reduction step. □

We record the following strengthening of the above result.

Theorem 4.5. Let X be a smooth variety over a separably closed field k and let m be an integer that

is invertible in k. Then the following holds:

(1) For i ̸= n, the natural map Hi
M (k(X),Z(n)) //Hi

M (k(X),Z/m(n)) is zero.

(2) The natural map of Zariski sheaves Hi
M (Z(n)) → Hi

M (Z/m(n)) on X is zero for all i ̸= n.

Proof. Let us first prove the vanishing in item (1). Since Hi
M (k(X),Z(n)) vanishes for i > n (see

(2.11)), we can assume i < n. Using (2.12), we can further reduce to the case where k is the separable

closure of a finitely generated field k0, such that X admits a model over k0, cf. beginning of the proof of

Theorem 5.5. As a consequence of Theorem 2.9, Hi
M (k(X),Z/m(n)) ≃ Hi(F0X,Z/m(n)). Hence, the

same reduction steps as in the proof of Theorem 1.3 reduce us to showing that for a prime ℓ invertible

in k, the natural map

Hi
M (k(X),Z(n)) //Hi(F0X,Zℓ(n))
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is zero. By the Bloch–Kato conjecture, proven by Rost and Voevodsky [Voe11], Hi(F0X,Zℓ(i − 1)) is

torsion-free; the same holds for Hi(F0X,Zℓ(n)), because k contains all ℓ-power roots of unity. It thus

suffices to show that Hi
M (k(X),Q(n)) //Hi(F0X,Qℓ(n)) is zero; since any class in Hi

M (k(X),Q(n))

can be defined over k′(X) for some finitely generated extension k′/k0, we find that the image of this

map is an ind-mixed Galois submodule of weight zero. The vanishing in (1) therefore follows from the

fact that for i < n, the weights w of Hi(F0X,Qℓ(n)) satisfy w ≤ 2i− 2n < 0, cf. Proposition 3.2.

It remains to show that the vanishing in item (1) implies that Hi
M (Z(n)) → Hi

M (Z/m(n)) vanishes

for i ̸= n. Since m is invertible in k, [KZ23, Lemma 4.8] allows us to pass to the perfect closure of k. We

may thus assume that k is perfect. Then the Gersten conjecture holds for Hi
M (Z(n)) and Hi

M (Z/m(n)),

see [MVW06, Theorem 24.11] or [Blo86]. In particular, we have a commutative diagram

Hi
M (Z(n)) //

��

ιη,∗H
i
M (k(X),Z(n))

��

Hi
M (Z/m(n)) //// ιη,∗H

i
M (k(X),Z/m(n))

where ιη : Spec k(X) → X denotes the inclusion of the generic point, and where the horizontal maps

are injections by the Gersten conjecture. By item (1) proven above, the vertical map on the right is

zero, hence so is the vertical map on the left. This concludes the proof of the theorem. □

Proof of Theorem 1.1. By the Gersten conjecture for motivic cohomology (see [Blo86, §10] and [Blo94]),

we have Hi
M,nr(X,Z(i)) ≃ H0(X,Hi(Z(i))), where Hi(Z(i)) denotes the Zariski sheaf associated to

U � //Hi
M (U,Z(i)), see (4.6). Moreover, KM

i
≃→ Hi(Z(i)) by [Ker09] and so Theorem 1.1 follows from

Theorem 1.3. □

Proof of Corollary 1.2. This follows directly from Theorem 1.1 and the Gersten conjecture for Milnor

K-theory, proven by Kerz [Ker09]. □

5. Proof of Theorem 1.4

5.1. The motivic coniveau filtration. Let X be a smooth variety over a field. The coniveau filtration

N∗ on motivic cohomology Hi
M (X,Z(n)) is defined as follows:

N cHi
M (X,Z(n)) := ker(Hi

M (X,Z(n)) → Hi
M (Fc−1X,Z(n))),

where i, c, n ∈ Z and FcX = ∅ for c < 0. In other words, α ∈ Hi
M (X,Z(n)) lies in N c if and only if α

vanishes away from a closed subset of codimension ≥ c in X.3

Lemma 5.1. Let X be a smooth variety over a field. Then N i−nHi
M (X,Z(n)) = Hi

M (X,Z(n)) and

Nn+1Hi
M (X,Z(n)) = 0.

3We remark that this filtration does not coincide with the coniveau filtration on Chow groups introduced by Bloch,

which filters elements in the Chow group by the codimension of closed subsets on which they are homologically trivial, cf.

[Blo85, Sch23].
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Proof. Classes in Hi
M (X,Z(n)) = CHn(X, 2n−i) are represented by codimension n cycles on X×A2n−i;

such classes vanish if we remove suitable subsets of codimension n − 2n + i = i − n from X. Hence,

N i−nHi
M (X,Z(n)) = Hi

M (X,Z(n)). To see Nn+1Hi
M (X,Z(n)) = 0, we note that N cHi

M (X,Z(n)) is

generated by images of classes in Hi−2c
BM,M (Z,Z(n− c)) with Z ⊂ X closed of pure dimension dimX − c,

and H∗BM,M (Z,Z(n)) = 0 for n < 0. This concludes the proof of the lemma. □

By Lemma 5.1, the motivic coniveau filtration is of the form

Hi
M (X,Z(n)) = N i−nHi

M (X,Z(n)) ⊃ N i−n+1 ⊃ N i−n+2 ⊃ · · · ⊃ Nn ⊃ Nn+1 = 0.

This filtration compares as follows to the filtration L∗ from the hypercohomology spectral sequence,

defined by

LjH
i
M (X,Z(n)) := im(Hi(XZar, τ≤jZ(n)) → Hi(XZar,Z(n))).(5.1)

Lemma 5.2. Let X be a smooth variety over a field k. Then for all integers i, c, n ∈ Z,

N cHi
M (X,Z(n)) = Li−cH

i
M (X,Z(n)).

Proof. Note that L∗ is increasing. We formally define the decreasing filtration L̃j := L−j . The filtration

L̃∗ is induced by the hypercohomology spectral sequence, see [Del71, (1.4.5), (1.4.6)]:

Ẽp,q
1 = H2p+q(XZar,H−pM (Z(n))) =⇒ Hp+q

M (X,Z(n)).

We use the renumbering Ep,q
r+1 := Ẽ−q,p+2q

r to turn the above spectral sequence into one that starts at

E2, cf. [Del71, (1.4.8)]:

Ep,q
2 = Ẽ−q,p+2q

1 = Hp(XZar,Hq
M (Z(n))).

By a result of Deligne and Paranjape, see [BO74, Footnote to Remark 6.4] and [Par96, Corollary 4.4],

the spectral sequence Ep,q
r agrees from r ≥ 2 onwards with the coniveau spectral sequence. We have

grq
L̃
Hi

M (X,Z(n)) = Ẽq,i−q
∞ and grqNHi

M (X,Z(n)) = Eq,i−q
∞ .

Via the reindexing Ea,b
r+1 := Ẽ−b,a+2b

r we get Ea,b
∞ := Ẽ−b,a+2b

∞ and so

grqNHi
M (X,Z(n)) = gr

−(i−q)
L̃

Hi
M (X,Z(n)).

Hence, NqHi
M (X,Z(n)) = L̃q−iHi

M (X,Z(n)) = Li−qH
i
M (X,Z(n)). This proves the lemma. □

5.2. A cycle class map.

Lemma 5.3. Let X be an equi-dimensional quasi-projective scheme over a field k. Let ℓ be a prime

invertible in k and let A ∈ {Zℓ,Qℓ,Qℓ/Zℓ,Z/ℓr}. Then for all i, n ∈ Z, there is a canonical cycle class

map

cl : Hi
BM,M (X,A(n)) //Hi

BM (X,A(n)),

that is induced by Geisser’s isomorphism (5.2) below. In particular, the cycle class map is compatible

with the localization sequence and coincides with the usual étale cycle class map if X is smooth.
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Proof. The case A = Z/ℓr is contained in [KZ23, §4.1] and relies on the six operations in a suitable

version of Voevodsky’s triangulated category of motives. The case A = Qℓ/Zℓ can be deduced from this

by direct limits. Here we use Geisser’s work [Gei10] to give a more direct proof which also works for

integral coefficients.

Topological invariance of the pro-étale site [BhS15, Lemma 5.4.2] together with [KZ23, Lemma 4.8]

(see also [Sch23, Lemma 6.8]) allow us to pass to the perfect closure of k. Hence, we may assume that

k is perfect. In this case, let f : X → Spec k be the structure map and let dX = dimX. We then have

a canonical isomorphism

ZBM (n)⊗L Z/ℓr ≃ // f !(ZBM (n− dX)⊗L Z/ℓr)[−2dX ],

in D(Xét), see [Gei10, Corollary 4.7(a)] and note that the complex Zc(n)X in loc. cit. agrees by definition

with the cycle complex ZBM (dX−n)[2dX ], cf. (4.1). On Spec k, we have ZBM (n−dX)⊗LZ/ℓr ≃ µ⊗n−dX

ℓr ,

see (2.13) or [Blo86]. Hence,

ZBM (n)⊗L Z/ℓr ≃ // f !µ⊗n−dX

ℓr [−2dX ],(5.2)

in D(Xét). We thus obtain a natural morphism

ZBM (n)⊗L Zℓ = ZBM
ℓ (n) //R lim f !µ⊗n−dX

ℓr [−2dX ].(5.3)

Let now ν : Xproét → Xét be the natural map of sites. By [BhS15, Lemma 6.7.19], we have f !Ẑℓ(n) ≃
R lim ν∗f !Z/ℓr(n). Applying ν∗, we then get

ν∗f
!Ẑℓ(n− dX) ≃ R lim ν∗ν

∗f !µ⊗n−dX

ℓr ≃ R lim f !µ⊗n−dX

ℓr ,

where the first isomorphism uses that ν∗ commutes with R lim and the second isomorphism uses that

ν∗ν
∗ ≃ id on bounded complexes, see [BhS15, Corollary 5.1.6]. Combining this with (5.3), we obtain

the cycle class map in the case A = Zℓ after applying RΓ(Xét,−) and composition with the natural map

Hi
BM,M (X,A(n)) → Hi(Xét, A

BM (n)). Compatibility with the localization sequence can be deduced

from [Gei17, Proposition 3.5(a)]; compatibility with the usual étale cycle class map if X is smooth

follows from the construction. The case A = Qℓ follows after ⊗Qℓ and the cases A ∈ {Z/ℓr,Qℓ/Zℓ}
follow via similar arguments as above. □

5.3. Proof of Theorem 1.4. Let X be an equi-dimensional quasi-projective variety over a field k. Let

ℓ be a prime invertible in k. Recall that there is a cycle class map

cl : Hi
BM,M (X,Z/ℓr(n)) //Hi

BM (X,Z/ℓr(n)),(5.4)

which is compatible with the localization sequence and coincides with the usual étale cycle class map

if X is smooth, see [KZ23, Proposition 4.9] or Lemma 5.3. It follows from the Beilinson–Lichtenbaum

conjectures (see Theorem 2.9) that, for X smooth, the cycle class map (5.4) is an isomorphism for i ≤ n

and injective for i = n+1. Compatibility with the localization sequence then allowed Kok and Zhou to

prove the following via the five lemma:

Proposition 5.4 ([KZ23, Proposition 4.9]). Let X be an equi-dimensional quasi-projective variety over

a field k. Let ℓ be a prime invertible in k. Then the cycle class map (5.4) is an isomorphism for i ≤ n

and injective for i = n+ 1.
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Using this, we can prove the following.

Theorem 5.5. Let k be a separably closed field and let ℓ be a prime invertible in k. Let X be an equi-

dimensional quasi-projective variety over k and let i, n be integers with i < n. Then Hi
BM,M (X,Z(n))⊗

Qℓ/Zℓ = 0.

Proof. Since Hi
BM,M (X,Z(n)) agrees with Bloch’s higher Chow groups, each class is defined over a

finitely generated field. This allows us to reduce to the case where X = X0 ×k0 k is defined over a

finitely generated field k0 and k is the separable closure of k0.

By Lemma 5.3, we have a cycle class map

cl : Hi
BM,M (X,Z(n)) //Hi

BM (X,Zℓ(n)).(5.5)

Since k is separably closed and X is of finite type over k, the target Hi
BM (X,Zℓ(n)) is finitely generated

as a Zℓ-module. To see this, let f : X → Spec k be the structure map and note that Rf∗f
!Ẑℓ(n− dX) is

constructible [BhS15, §6.7], hence is quasi-isomorphic to a perfect complex of Zℓ-modules (see [BhS15,

Proposition 6.6.11]) and hence to a complex of finitely generated Zℓ-modules.

Let G = Gal(k/k0). By Proposition 3.2, Hi
BM (X,Qℓ(n)) is a mixed Qℓ-G-module of weights w ≤

2i − 2n < 0. Hence, the cycle class map in (5.5) is torsion. Since Hi
BM (X,Zℓ(n)) is finitely generated

as a Zℓ-module, there is an integer N such that the image of

Hi
BM,M (X,Z(n)) //Hi

BM (X,Z/ℓr(n))

is N -torsion for all r ≥ 0. Taking direct limits, we find that the natural map

Hi
BM,M (X,Z(n))⊗Qℓ/Zℓ

//Hi
BM (X,Qℓ/Zℓ(n))

is N -torsion as well. Since the source of this map is divisible, we find that the map is in fact zero. This

map factors as follows

Hi
BM,M (X,Z(n))⊗Qℓ/Zℓ ↪→ Hi

BM,M (X,Qℓ/Zℓ(n)) //Hi
BM (X,Qℓ/Zℓ(n)).

The first arrow in this sequence is injective (for all values of i, n), because of the long exact sequences

associated to the coefficient sequences 0 → Z → Z → Z/ℓr → 0 and because the direct limit functor is

exact. The second arrow in the above sequence is injective for i ≤ n + 1, as can be seen by applying

direct limits to the injection in Proposition 5.4, cf. (4.3). Hence, the composition is injective. However,

as we have seen above, the composition is also zero, which implies Hi
BM,M (X,Z(n))⊗Qℓ/Zℓ = 0, as we

want. □

We have the following analogue over finite fields.

Theorem 5.6. Let k be a finite field and let ℓ be a prime invertible in k. Let X be an equi-dimensional

quasi-projective variety over k and let i, n be integers with i < n. Then Hi
BM,M (X,Z(n))⊗Qℓ/Zℓ = 0.

Proof. As in the proof of Theorem 5.5, we have natural maps

Hi
BM,M (X,Z(n))⊗Qℓ/Zℓ ↪→ Hi

BM,M (X,Qℓ/Zℓ(n)) //Hi
BM (X,Qℓ/Zℓ(n)),

where the first arrow is always injective and the second arrow, induced by (4.3) and (5.4), is injective

for i ≤ n + 1, see Proposition 5.4. It thus suffices to show that the above composition is trivial. This
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map factors through Hi
BM (X,Zℓ(n))⊗Zℓ

Qℓ/Zℓ and so it suffices to show that the latter group is trivial.

This group is divisible and so it suffices to show that Hi
BM (X,Zℓ(n)) is finite for i < n, which is proven

in Proposition 3.10. This concludes the proof. □

Let X be a quasi-projective variety. The coniveau filtration N∗ on Hi
BM,M (X,Z(n)) is defined

as follows: α ∈ Hi
BM,M (X,Z(n)) lies in N c if and only if α vanishes away from a closed subset of

codimension ≥ c in X. If X is smooth, then this agrees with the coniveau filtration on Hi
M (X,Z(n)).

We are finally in the position to prove Theorems 1.4 and 1.6, stated in the introduction.

Proof of Theorem 1.4. By Lemma 5.2, assertion (1.4) is equivalent to (1.5); it thus suffices to prove the

latter. There is a surjection

lim //
Z⊂X

Hi−2j
BM,M (Z,Z(n− j)) //N jHi

BM,M (X,Z(n)),

where Z ⊂ X runs through all closed equi-dimensional subschemes of pure codimension j. By the right

exactness of the tensor product, it thus suffices to prove that(
lim //
Z⊂X

Hi−2j
BM,M (Z,Z(n− j))

)
⊗Qℓ/Zℓ ≃ lim //

Z⊂X
Hi−2j

BM,M (Z,Z(n− j))⊗Qℓ/Zℓ

vanishes. This follows from Theorems 5.5 and 5.6, because j > i− n is equivalent to i− 2j < n− j. □

Proof of Theorem 1.6. This follows, by the same argument as above, from Theorems 5.5 and 5.6. □

Proof of Corollary 1.5. This is an immediate consequence of Theorem 1.4 and the main result in [Ker09].

□

By Corollary 1.5, any smooth quasi-projective equi-dimensional scheme X over a separably closed

field satisfies

Hi
M (X,Z(n))⊗Qℓ/Zℓ = 0 for i < n.(5.6)

The same result holds for finite fields by item (2) in Theorem 1.6. The following example shows that

these results are sharp.

Example 5.7. Let k be a field and Gm = A1
k \ {0}. Then

Hi
M ((Gm)d,Z(i))⊗Qℓ/Zℓ ̸= 0 for all 0 ≤ i ≤ d.(5.7)

The case i = 0 is trivial and we may assume i ≥ 1. To see this, let X be a smooth variety over k and

consider the long exact localization sequence

Hi
M (X ×Gm,Z(i)) ∂ // Hi−1

M (X,Z(i− 1)) ι∗ // Hi+1
M (X × A1

k,Z(i)).

The composition of ι∗ with the restriction to X × {1} is zero. Since the restriction map Hi+1
M (X ×

A1
k,Z(i)) → Hi+1

M (X×{1},Z(i)) is an isomorphism by A1-homotopy invariance (see e.g. [Blo86, p. 269,

(ii)]), we conclude that ι∗ is zero and ∂ is surjective. Combining this with the fact that H1
M (X,Z(1)) =

H0(X,Gm), we conclude (5.7) by induction on i.

The next example shows that the vanishing in Theorem 1.4 and in item (1) of Theorem 1.6 are sharp

as well.
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Example 5.8. There is a smooth quasi-projective variety X such that for all i, n ≥ 1 with n ≤ i ≤ 2n

we have

(1) Hi
M (X,Z(n))⊗Qℓ/Zℓ ̸= 0;

(2) N cHi
M (X,Z(n))⊗Qℓ/Zℓ ̸= 0 for c = i− n.

To see this, define c := i − n. Then n − c ≥ 0 and Example 5.7 yields the existence of a smooth

quasi-projective variety Z with Hn−c
M (Z,Z(n − c)) ⊗ Qℓ/Zℓ ̸= 0. Then, X = Pc × Z satisfies the above

non-vanishing properties by the projective bundle formula, see e.g. [Blo86, p. 269, (iv)].

Finally, let us mention the following, which shows that, in contrast to Example 5.7, the vanishing

result in (5.6) can be improved under suitable assumptions on a smooth compactification, see also the

results in Appendix C below.

Proposition 5.9. Let X be a smooth quasi-projective equi-dimensional scheme over a field k, which is

either separably closed or finite. Assume that X admits a smooth projective compactification X ⊂ Xc,

such that Xc \X has codimension at least two in Xc. Then

Hi
M (X,Z(n))⊗Qℓ/Zℓ = 0 for i ≤ n.

Proof. Since X is smooth, Hi
M (X,Z(n)) = Hi

BM,M (X,Z(n)).
Let us first assume that k is separably closed. As in the proof of Theorem 5.5, we reduce to the case

where k is the separable closure of a finitely generated field k0 ⊂ k. Let i ≤ n. Following the proof

of Theorem 5.5, it then suffices to show that Hi(X,Qℓ(n)) has negative weights, which follows from

Proposition 3.2 together with the localization sequence applied to the inclusion X ⊂ Xc.

The case where k is finite follows by similar arguments as in the proof of Theorem 5.6 from the fact

that Hi(X,Zℓ(n)) is finite for i ≤ n. The latter follows in turn from the same argument as in the proof

of Proposition 3.10, together with the fact that Hi(Xk̄,Qℓ(n)) is a mixed Galois-module of negative

weights for i ≤ n, because Xc \X has codimension at least two in Xc. This concludes the proof. □

6. Divisibility phenomena of some Bloch–Ogus groups

The main result in this section is the following

Theorem 6.1. Let X be a smooth quasi-projective equi-dimensional scheme over a separably closed field

k. Then the image of the natural map

Hi(XZar,Hj
M (Z(n))) // lim←−

r

Hi(XZar,Hj
M (Z/ℓr(n)))

(1) is zero for j ̸= n;

(2) is torsion for j = n ≥ 2 and i ∈ {0, 1} if X is smooth projective.

6.1. Around the cycle class map in ℓ-adic pro-étale cohomology. Let X be a smooth quasi-

projective scheme over a field k and πét : Xét → XZar and πproét : Xproét → XZar be the natural maps

of sites.

Lemma 6.2. Let ℓ be a prime invertible in k. We have the following canonical identifications in

D(XZar):

R limRπét
∗ Z/ℓr(n)ét ≃ Rπét

∗ R limZ/ℓr(n)ét ≃ Rπproét
∗ Ẑℓ(n).
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Proof. The first isomorphism follows from the fact that R lim and Rπét
∗ commute, which in turn fol-

lows from Grothendieck’s composed functor spectral sequence and the fact that lim: AbN → Ab and

πét
∗ : Ab(Xét) → Ab(XZar) take injectives to injectives, see e.g. [Sch24, Proof of Lemma A.1].

It remains to prove the second isomorphism. Let ν : Xproét → Xét be the natural map of sites. Since

the adjunction map id → R ν∗ν
∗ is an equivalence (see [BhS15, Proposition 5.2.6.(2)]), we have

R ν∗ν
∗Z/ℓr(n)ét ≃ Z/ℓr(n)ét.

We then get

Rπét
∗ R limZ/ℓr(n)ét ≃ Rπét

∗ R limR ν∗ν
∗Z/ℓr(n)ét ≃ Rπét

∗ R ν∗R lim ν∗Z/ℓr(n)ét,(6.1)

where we used that R lim and R ν∗ commute by the Grothendieck spectral sequence and an argument

as before, cf. [Sch24, Proof of Lemma A.1]. Recall further that Z/ℓr(n)ét ≃ µ⊗nℓr by [GL01], see (2.13).

Hence,

Ẑℓ(n) = lim ν∗µ⊗nℓr ≃ R lim ν∗µ⊗nℓr ≃ R lim ν∗Z/ℓr(n)ét,

where the first equality holds by definition and the second one follows from [BhS15, Propositions 3.1.10,

3.2.3, and 4.2.8]. If we plug this into (6.1) and use πproét = πét ◦ ν, we get

Rπét
∗ R limZ/ℓr(n)ét ≃ Rπét

∗ R ν∗Ẑℓ(n) ≃ Rπproét
∗ Ẑℓ(n).

This proves the lemma. □

We consider the following composition of natural maps in D(XZar):

Z(n)Zar → R limZ/ℓr(n)Zar → R limRπét
∗ Z/ℓr(n)ét ≃ Rπproét

∗ Ẑℓ(n).(6.2)

Here, the first map is induced by the reduction modulo ℓr map Z(n)Zar → Z/ℓr(n)Zar, the second map

is induced by the natural adjunction map Z/ℓr(n)Zar → Rπét
∗ (π

ét)∗Z/ℓr(n)Zar = Rπét
∗ Z/ℓr(n)ét and

the identification R limRπét
∗ Z/ℓr(n)ét ≃ Rπproét

∗ Ẑℓ(n) is taken from Lemma 6.2 above. For each open

subset U ⊂ X, there is a commutative diagram

Hj
M (U,Z(n)) //

��

Hj(Uproét, Ẑℓ(n))

��

Hj
M (U,Z/ℓr(n)) // Hj(Uét, µ

⊗n
ℓr )

(6.3)

where the horizontal map is induced by (6.2), the vertical maps are the reduction maps and the lower

horizontal map is the étale cycle class map. The above diagram induces an analogous diagram of sheaves

of abelian groups in the Zariski site of X. Taking cohomology and inverse limits over r, this induces the

following commutative diagram

Hi(XZar,Hj
M (Z(n))) //

��

Hi(XZar,R
j πproét
∗ Ẑℓ(n))

��

limr H
i(XZar,Hj

M (Z/ℓr(n))) // limr H
i(XZar,R

j πét
∗ Z/ℓr(n)ét)

(6.4)

where limr denotes the inverse limit over r.
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6.2. Proof of Theorem 6.1. We are now in the position to prove Theorem 6.1, stated above.

Proof of Theorem 6.1. Item (1) follows from Theorem 4.5, which asserts that the reduction mapHj
M (Z(n)) →

Hj
M (Z/m(n)) is zero for j ̸= n.

It remains to deal with the case where X is smooth projective, j = n and i ∈ {0, 1}.
Note that k is the direct limit of separable closures of finitely generated fields. A limit argument

(based on the Gersten resolution of Hn
M (Z(n)), see [Blo86]) then reduces us to the case where k is the

separable closure of a finitely generated field k0. (Here we do allow non-perfect fields k, over which the

results from [Blo86] still apply; this could be avoided if we were willing to work with algebraic closures

of finitely generated fields, instead of separable closures.)

Since j = n, the lower horizontal map in (6.4) is an isomorphism (see Theorem 2.9). Moreover, by

the Gersten conjecture for motivic cohomology (see [Blo86]), any class in Hi(XZar,Hn
M (Z(n))) is defined

over a finitely generated field and hence maps to an element of weight zero in

Hi(XZar,R
n πproét
∗ Q̂ℓ(n)) = Hi(XZar,R

n πproét
∗ Ẑℓ(n))⊗Zℓ

Qℓ.

Proposition 3.8 shows that Hi(XZar,R
n πproét
∗ Q̂ℓ(n)) is ind-mixed and its weights w satisfy

i− n ≤ w ≤ max(i− n,−2),

because i ∈ {0, 1}. Hence, w < 0, because i < n. This concludes the proof of the theorem. □

6.3. Alternative proof of Theorem 1.3. As an application of Theorem 6.1, we give an alternative

proof of Theorem 1.3. We begin with some consequences of the work of Rost and Voevodsky [Voe11].

Proposition 6.3. Let K be a field and let ℓ be a prime invertible in K. Then, for any j ≥ 0, the group

lim←−
r

Hj
ét(K,µ⊗j−1ℓr )

is torsion-free.

Proof. By the Bloch–Kato conjecture, proven by Rost and Voevodsky [Voe11], together with the Bockstein-

sequence, we see that the natural map Hj
ét(K,µ⊗j−1ℓr ) → Hj

ét(K,µ⊗j−1ℓr+1 ) that is induced by the inclusion

µ⊗j−1ℓr ↪→ µ⊗j−1ℓr+1 is injective. This induces a canonical isomorphism

Hj
ét(K,µ⊗j−1ℓr ) ≃ // Hj

ét(K,Qℓ/Zℓ(j − 1))[ℓr].

Hence,

lim←−
r

Hj
ét(K,µ⊗j−1ℓr )

identifies to the Tate module of Hj
ét(K,Qℓ/Zℓ(j − 1)), which, as any Tate module, is torsion-free, as we

want. □

Proposition 6.4. Let K be a field and let ℓ be a prime invertible in K. Assume that K contains all

ℓ-power roots of unity. Then for any n, j ≥ 0, the group

lim←−
r

Hj
M (K,Z/ℓr(n))

is torsion-free.
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Proof. For j > n, the group Hj
M (K,Z/ℓr(n)) vanishes, see Lemma 2.8. For j ≤ n, the natural map

Hj
M (K,Z/ℓr(n)) ≃ // Hj

ét(K,µ⊗nℓr )

is an isomorphism by the Beilinson–Lichtenbaum conjecture, proven by Rost and Voevodsky, see Theo-

rem 2.9 and the result of Geisser–Levine in (2.13). SinceK contains all ℓr-th roots of unity, µ⊗nℓr ≃ µ⊗j−1ℓr .

The result therefore follows from Proposition 6.3. □

We are now in the position to prove the following.

Theorem 6.5. Let k be a separably closed field and let ℓ be a prime invertible in k. Let X be a smooth

projective variety over k. Then for any n ≥ 1 and j, r ≥ 0, the map

H0(XZar,Hj
M (Z(n))) //H0(XZar,Hj

M (Z/ℓr(n)))

that is induced by the reduction modulo ℓr map Z(n) → Z/ℓr(n) vanishes.

Proof. By Theorem 6.1, it suffices to show that

lim←−
r

H0(XZar,Hj
M (Z/ℓr(n)))

is torsion-free. By the Gersten conjecture for motivic cohomology with Z/ℓr-coefficients (see e.g.

[MVW06, Theorem 24.11]), the natural map

H0(XZar,Hj
M (Z/ℓr(n))) //Hj

M (k(X),Z/ℓr(n))

is injective. Since the inverse limit functor is left exact, this induces an injection

lim←−
r

H0(XZar,Hj
M (Z/ℓr(n))) ↪→ lim←−

r

Hj
M (k(X),Z/ℓr(n)).

The result thus follows from Proposition 6.4. □

By the Gersten conjecture for motivic cohomology, Theorem 6.5 implies the following, which by the

Chinese remainder theorem and Lemma 4.1 implies Theorem 1.3.

Corollary 6.6. In the notation of Theorem 6.5, the reduction modulo ℓr map Hi
M,nr(X,Z(n)) →

Hi
M,nr(X,Z/ℓr(n)) is zero.

Appendix A. Chow groups tensor Qℓ/Zℓ may be large

The following result follows from [Tot16], which in turn relies on a theorem of Bloch–Esnault [BE96]

and earlier results of Schoen [Schoe02] and Rosenschon–Srinivas [RS10].

Theorem A.1. Let X := JC be the Jacobian of a very general complex projective curve C of genus 3.

Then, for any subgroup M ⊂ CH2(X) with finitely generated cokernel, we have M ⊗Qℓ/Zℓ ̸= 0 for any

prime ℓ.

Proof. Totaro showed in [Tot16] that CH2(X)/ℓ is infinite for all primes ℓ. In the process of the proof,

Totaro showed that there is an integer m such that for all r we have

ℓm ·N1H3(Xét,Z/ℓr(2)) ⊂ Θ ·H1(Xét,Z/ℓr(1)),
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see [Tot16, page 368]. Here, Θ · H1(Xét,Z/ℓr(1)) denotes the image of the map H1(Xét,Z/ℓr(1)) →
H3(Xét,Z/ℓr(2)) given by multiplication with the first Chern class of the theta divisor of X and N∗

denotes the coniveau filtration. Since the reduction modulo ℓr map H1(Xét,Zℓ(1)) → H1(Xét,Z/ℓr(1))
is surjective, this image is contained in

N1H3(Xét,Zℓ(2))⊗ Z/ℓr = im(N1H3(Xét,Zℓ(2)) → H3(Xét,Z/ℓr(2))).

Hence, there is an integer m such that for all r we have

ℓm ·N1H3(Xét,Z/ℓr(2)) ⊂ N1H3(Xét,Zℓ(2))⊗ Z/ℓr.

This implies that ℓm kills the cokernel of the natural map

N1H3(Xét,Qℓ(2)) //N1H3(Xét,Qℓ/Zℓ(2)).

It thus follows from [MS82, §18] (see also [Sch23, Proposition 7.16 and Theorem 7.19]) that ℓm kills

the ℓ-primary torsion subgroup Griff2(X)[ℓ∞] of the Griffiths group Griff2(X) of homologically trivial

codimension 2 cycles modulo algebraic equivalence. In other words,

Griff2(X)[ℓ∞] = Griff2(X)[ℓm].

By [MS82, §18], the latter is isomorphic to N1H3(Xét,Z/ℓm(2))/N1H3(Xét,Zℓ(2)) ⊗ Z/ℓm (see also

[Sch23, Proposition 7.16 and Theorem 7.19]), which is a finite group.

Let A2(X) := CH2(X)/ ∼alg be the Chow group of codimension 2 cycles modulo algebraic equivalence.

Since the subgroup of algebraically trivial cycles over the field k = C of complex numbers is divisible,

A2(X)/ℓ ≃ CH2(X)/ℓ is infinite by [Tot16]. By definition, Griff2(X) ↪→ A2(X) is a finite index

subgroup and A2(X)[ℓ∞] ⊂ Griff2(X)[ℓ∞] because the cohomology of an abelian variety is torsion-free.

The previous paragraph thus shows that there is an infinite dimensional subspace V ⊂ A2(X)/ℓ, such

that no nontrivial element of V is the reduction of an ℓ-primary torsion element in A2(X).

To prove the theorem, let us now assume for a contradiction that there is a subgroup M ⊂ CH2(X)

whose cokernel Q is finitely generated and such that M ⊗ZQℓ/Zℓ = 0. Mapping this to the Chow group

modulo algebraic equivalence A2(X) = CH2(X)/ ∼alg, we get a short exact sequence

0 // M̄ //A2(X) // Q̄ // 0

where Q̄ is a finitely generated abelian group and where M // // M̄ is surjective. Since ⊗ZQℓ/Zℓ is right

exact, M̄ ⊗Z Qℓ/Zℓ = 0 and A2(X)⊗Z Qℓ/Zℓ ≃ Q̄⊗Z Qℓ/Zℓ.

Since the above vector space V is infinite-dimensional and Q̄ is finitely generated, there is a nonzero

class α ∈ V ⊂ A2(X)/ℓ such that α maps to zero in Q̄⊗ZQℓ/Zℓ. Since A
2(X)⊗ZQℓ/Zℓ ≃ Q̄⊗ZQℓ/Zℓ,

we find that α maps to zero in

A2(X)⊗Z Qℓ/Zℓ ≃ lim //
r

A2(X)/ℓr.

This implies that there is some integer s such that ℓsα = 0 in A2(X)/ℓs+1. Let α′ ∈ A2(X) be a lift

of α, then we find that there is a class β ∈ A2(X) with ℓsα′ = ℓs+1β. Hence, α′ − ℓβ is ℓs-torsion in

A2(X). But the class α′−ℓβ agrees with α modulo ℓ and we get that α = 0, because V does not contain

a nonzero element which is the reduction of a torsion class. This contradicts the fact that α is nonzero

and hence finishes the proof. □
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Corollary A.2. Let n ≥ 3. Then there is a smooth complex projective variety Y of dimension n with

the following property. For any integer 2 ≤ i ≤ n − 1 and any subgroup M ⊂ CHi(Y ) with finitely

generated cokernel, we have M ⊗Qℓ/Zℓ ̸= 0 for any prime ℓ.

Proof. This follows directly from Theorem A.1 and the projective bundle formula, applied to Y =

X × Pn−3. □

Appendix B. Divisibility of the torsion subgroup in Milnor K-theory

The following result was conjectured by Merkurjev in [Mer88]; we deduce it from Voevodsky’s proof

of the Bloch–Kato conjecture. We use the result below to give another proof of Theorem 1.1.

Theorem B.1. Let ℓ be a prime and let F be a field of characteristic different from ℓ. Assume further

that F contains all ℓ-power roots of unity. Then the ℓ-primary torsion subgroup KM
n (F )[ℓ∞] ⊂ KM

n (F )

is ℓ-divisible.

We will need the following elementary lemma.

Lemma B.2. Let A be an abelian group and let ℓ be a prime number. Suppose that for any integer

m ≥ 1 the map A/ℓ → A/ℓm+1 induced by multiplication by ℓm is injective. Then the ℓ-primary torsion

subgroup A[ℓ∞] of A is a divisible group.

Proof. Let a ∈ A[ℓ∞] with ℓm · a = 0 ∈ A for some m ≥ 1. The image of the class of a in A/ℓ under the

map

A/ℓ → A/ℓm+1

given by multiplication by ℓm is zero. By the injectivity assumption we conclude that a = ℓ · b ∈ A, for

some b, and b satisfies ℓm+1b = 0. Thus any element of A[ℓ∞] is divisible by ℓ in A[ℓ∞]. It follows that

A[ℓ∞] is a divisible group. □

Proof of Theorem B.1. Let F be a field that contains all ℓ-power roots of unity. We aim to prove

that KM
n (F )[ℓ∞] is ℓ-divisible. By Lemma B.2, it suffices to prove that the multiplication by ℓr map

KM
n (F )/ℓ → KM

n (F )/ℓr+1 is injective. By the Bloch–Kato conjecture, proven in [Voe11], the latter

identifies to the map

Hn(F, µ⊗nℓ ) //Hn(F, µ⊗nℓr+1)(B.1)

induced by the inclusion µ⊗nℓ ↪→ µ⊗nℓr+1 .

Since F contains all roots of unity, we may choose a compatible system ζr of primitive ℓr-th roots of

unity. Such a choice allows us to identify the map in (B.1) to the map

Hn(F, µ⊗n−1ℓ ) //Hn(F, µ⊗n−1ℓr+1 )

induced by µ⊗n−1ℓ ↪→ µ⊗n−1ℓr+1 . The injectivity of that map is by the long exact Bockstein sequence

equivalent to the surjectivity of the reduction mod ℓr map

Hn−1(F, µ⊗n−1ℓr+1 ) //Hn−1(F, µ⊗n−1ℓr ).
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The latter is in turn a direct consequence of the Bloch–Kato conjecture, proven by Voevodsky [Voe11],

which yields canonical isomorphisms Hi(F, µ⊗iℓr ) ≃ KM
i (F )/ℓr for all i and r. This concludes the proof

of the theorem. □

B.1. An alternative proof of Theorem 1.1.

Proof of Theorem 1.1. By the Chinese remainder theorem, it suffices to prove that the natural map

H0(X,KM
n ) //H0(X,KM

n /ℓr)

is zero for all primes ℓ invertible in k. Since k is separably closed, it is infinite and so KM
n
∼→ Hn

M (Z(n))
by [Ker09]. Similarly, the Bloch–Kato conjecture proven by Rost and Voevodsky [Voe11] together with

the respective Gersten conjectures proven in [BO74, Blo86] shows KM
n /ℓr

∼→ Hn
M (Z/ℓr(n)). Hence, by

Theorem 6.1, we know that for any α ∈ H0(X,KM
n ), there is some positive integer N such that Nα

lies in the kernel of the map in question. Since any natural number coprime to ℓ is invertible in Z/ℓr,
we can without loss of generality assume that N = ℓs for some non-negative integer s. By the Gersten

conjecture for Milnor K-theory [Ker09] and its mod ℓr-reduction [BO74, Voe11], we have a commutative

diagram

H0(XZar,Hn
M (Z(n))) //
� _

��

H0(XZar,Hn
M (Z/ℓr(n)))
� _

��

KM
n (k(X)) // KM

n (k(X))/ℓr

where the lower horizontal map is the reduction modulo ℓr map. Using the vertical inclusions, we can

regard α as an (unramified) element in Milnor K-theory KM
n (k(X)) and we know that for all r there is

some class βr ∈ KM
n (k(X)) with ℓsα = ℓrβr. We then get that α − ℓr−sβr ∈ KM

n (k(X)) is ℓs-torsion

for all r ≥ s. Since the torsion subgroup of KM
n (k(X)) is ℓ-divisible (see Theorem B.1), we can write

α− ℓr−sβr = ℓr−sγr for some γr ∈ KM
n (k(X)) and so α maps to zero in KM

n (k(X))/ℓr−s and hence, in

view of the above commutative diagram (for r − s in place of r) to zero in H0(XZar,Hn
M (Z/ℓr−s(n))).

This holds for all r ≥ s and so the statement in the theorem follows. □

Appendix C. Divisibility phenomena of Lichtenbaum motivic cohomology

Let X be a smooth variety over a field k. For an abelian group A, we consider the motivic complex

A(j)ét ∈ D(Xét) in the étale site of X (cf. Section 2.7) and define the Lichtenbaum or étale motivic

cohomology groups by

Hi
L(X,A(j)) := Hi(Xét, A(j)ét).

The abelian group structure of Hi
L(X,Z(j)) for smooth projective varieties X over a separably closed

field was discussed in papers by Rosenschon–Srinivas [RS16, Proposition 3.1], Geisser [Gei17, Theorem

1.1], and Kahn [Kah09]. Kahn’s paper discusses results for open smooth varieties over a separably closed

field [Kah09, Theorem 1.3]. Geisser’s paper discusses smooth projective varieties over separably closed

fields, finite fields, local fields and also arithmetic schemes. Over a field of characteristic p > 0, he also

considers the p-primary torsion of the étale motivic cohomology groups.

The purpose of this appendix, which does not claim originality, is as follows. For smooth projective

varieties over a separably closed field and over a finite field, we describe how the work of Geisser–Levine,
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Suslin, Rost, and Voevodsky, together with weight arguments à la Deligne lead to a precise computation

of the torsion structure of the groups Hi
L(X,Z(j)) for most pairs (i, j), and for Hi

M (X,Z(j)) for most

pairs (i, j) in the range i ≤ j+1. For finite fields we use the work of Kerz–Saito [KS12] to obtain similar

results for j ≥ dimX and i ̸= 2j. We use this to give a positive answer to Question 1.7 for some values

of (i, j), see Propositions C.7 and C.12 below.

C.1. Preliminaries. We will use the following well-known facts. Let X be a smooth variety over a

field k. There is a natural map Hi
M (X,Z(j)) → Hi

L(X,Z(j)) which is an isomorphism after tensoring

with Q, see [MVW06, Theorem 14.24]. In particular the kernel and the cokernel of this map are torsion

groups. This implies that for all primes ℓ the map Hi
M (X,Z(j)) ⊗ Qℓ/Zℓ → Hi

L(X,Z(j)) ⊗ Qℓ/Zℓ is

surjective.

Let j ≥ 0 and i ≥ 0. For X smooth over a field, the map Hi
M (X,Z(j)) → Hi

L(X,Z(j)) is an

isomorphism if i ≤ j + 1, and it is injective if i = j + 2, see e.g. [AS24, Proof of Corollary 1.4].

This is referred to as the integral Beilinson–Lichtenbaum conjecture, closely related to the statement

Hn+1
L (F,Z(n)) = 0 for F an arbitrary field (higher Hilbert’s theorem 90); see [Voe03, Theorem 6.6],

[Voe11, Theorem 6.18], [Riou14, Conjecture 1.22].

By the work of Geisser–Levine [GL01, Theorem 1.5] (see (2.13)), the Bockstein sequence for étale

motivic cohomology yields an exact sequence

0 //Hi
L(X,Z(j))/ℓr //Hi

ét(X,µ⊗jℓr ) //Hi+1
L (X,Z(j))[ℓr] // 0

and then, after taking direct limits,

0 //Hi
L(X,Z(j))⊗Qℓ/Zℓ

//Hi
ét(X,Qℓ/Zℓ(j)) //Hi+1

L (X,Z(j))[ℓ∞] // 0.(C.1)

C.2. A lemma on abelian groups.

Lemma C.1. Let A be an abelian group. Assume A⊗Qℓ/Zℓ = 0 and assume that the ℓ-primary torsion

group A[ℓ∞] is an extension of a group F of finite exponent by a divisible group. Then there is a natural

surjective map A → F , compatible with the given map A[ℓ∞] → F and whose kernel is the maximal

ℓ-divisible subgroup of A.

Proof. The exact sequence

0 // Z //Z[1/ℓ] //Qℓ/Zℓ
// 0

induces the following exact sequence

0 //A[ℓ∞] //A //A⊗ Z[1/ℓ] //A⊗Qℓ/Zℓ
// 0.

Under our hypothesis, this gives the exact sequence

0 //A[ℓ∞] //A //A⊗ Z[1/ℓ] // 0.

By assumption, there is an exact sequence

0 //B //A[ℓ∞] // F // 0,

with B ℓ-divisible and F a group of exponent a finite power of ℓ.
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The arrow A[ℓ∞] → F gives rise to the following commutative diagram of exact sequences

0

��

0

��

B //

��

B

��

0 // A[ℓ∞] //

��

A //

��

A⊗ Z[1/ℓ] //

��

0

0 // F //

��

A′ //

��

A⊗ Z[1/ℓ] // 0

0 0

Since F is an ℓ-primary group of finite exponent, the lower sequence is split in a unique way. This

produces a surjective map A′ → F whose kernel is the ℓ-divisible group A ⊗ Z[1/ℓ]. The kernel A′′ of

the composite, surjective map A → A′ → F is an extension of A ⊗ Z[1/ℓ] by B. These two groups are

ℓ-divisible, hence so is A′′. □

C.3. Motivic cohomology of smooth projective varieties over a separably closed field.

Proposition C.2. Let k be a separably closed field. Let X be a smooth, projective, geometrically integral

variety over k. Let ℓ be a prime invertible in k and let i, j ≥ 0 be non-negative integers.

(a) If i ̸= 2j, then Hi
L(X,Z(j))⊗Qℓ/Zℓ = 0.

(b) For i ̸= 2j + 1 and i ≥ 1, we have

Hi
L(X,Z(j))[ℓ∞] ≃ Hi−1

ét (X,Qℓ/Zℓ(j)).

The group Hi
L(X,Z(j))[ℓ∞] is an extension of the finite group Hi

ét(X,Zℓ(j))tors by the divisible

group Hi−1
ét (X,Qℓ(j))/H

i−1
ét (X,Zℓ(j)).

Proof. Let k0 be a field of finite type, k/k0 a separable closure and G = Gal(k/k0). Let X0/k0 be

smooth, projective, geometrically integral. Let ℓ be a prime invertible in k and let i, j ≥ 0 be integers.

Let α ∈ Hi
M (X,Z(j))⊗Qℓ/Zℓ. Up to replacing k0 by a finite extension and X0 by the corresponding

base change, we may assume that α is in the image of a class in Hi
M (X0,Z(j)) ⊗ Qℓ/Zℓ. (This uses

(2.10).) The image of the composite map

Hi
M (X0,Z(j))⊗Qℓ/Zℓ

//Hi
M (X,Z(j))⊗Qℓ/Zℓ

//Hi
L(X,Z(j))⊗Qℓ/Zℓ

//Hi
L(X,Qℓ/Zℓ(j)) = Hi

ét(X,Qℓ/Zℓ(j))

is invariant under G. From Deligne’s theory of weights [Del74], we know (see [CTR85, Theorem 1.5])

that the group of G-invariants ofHi
ét(X,Qℓ/Zℓ(j)) is finite if i ̸= 2j. As the groupHi

M (X0,Z(j))⊗Qℓ/Zℓ

is divisible, the composite map vanishes. Thus the composite map

Hi
M (X,Z(j))⊗Qℓ/Zℓ

//Hi
L(X,Z(j))⊗Qℓ/Zℓ

//Hi
ét(X,Qℓ/Zℓ(j))
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vanishes if i ̸= 2j. The LHS map is onto and the RHS map is injective, see Section C.1 above. We

conclude that the group Hi
L(X,Z(j))⊗Qℓ/Zℓ vanishes if i ̸= 2j.

From this and the exact sequence (C.1), we deduce that for i ̸= 2j there is a natural isomorphism

Hi+1
L (X,Z(j))[ℓ∞] ≃ Hi

ét(X,Qℓ/Zℓ(j)).

By the Bockstein sequence in étale cohomology, this group is an extension of Hi+1
ét (X,Zℓ(j))tors by the

divisible group Hi
ét(X,Qℓ(j))/H

i
ét(X,Zℓ(j)), as we want. □

Remark C.3. The idea to use coincidence of motivic cohomology and étale motivic cohomology with

rational coefficients, so that one may then use the representation of classes over some small subfield, is

in [Gei17, Proof of Thm. 1.1] and [RS16, Prop. 3.1]. Geisser uses inverse limits. Here we used direct

limits.

Upon use of Lemma C.1, we deduce:

Proposition C.4. Let X be a smooth projective variety over a separably closed field k. Let ℓ be a prime

invertible in k. Let j ≥ 0. Assume i ≥ 1 and i ̸= 2j, 2j + 1.

(a) There is a natural surjective map Hi
L(X,Z(j)) → Hi

ét(X,Zℓ(j))tors whose kernel Bℓ is the

maximal ℓ-divisible subgroup of Hi
L(X,Z(j)).

(b) The ℓ-primary torsion subgroup of Bℓ is the group Hi−1
ét (X,Qℓ(j))/H

i−1
ét (X,Zℓ(j)), which is the

maximal divisible subgroup of Hi−1
ét (X,Qℓ/Zℓ(j)).

(c) If char(k) = 0, the group Hi
L(X,Z(j)) is an extension of the finite group ⊕ℓH

i
ét(X,Zℓ(j))tors by

a divisible subgroup whose ℓ-primary torsion is Hi−1
ét (X,Qℓ(j))/H

i−1
ét (X,Zℓ(j)).

Remark C.5. If i ≤ j+1, then Hi
M (X,Z(j)) ≃ Hi

L(X,Z(j)) and so the structure results of Proposition

C.4 hold for Hi
M (X,Z(j)) in place of Hi

L(X,Z(j)).

Remark C.6. If i = j + 2, the map Hi
M (X,Z(j)) → Hi

L(X,Z(j)) is injective. For i ̸= 2j, 2j + 1, the

group Hj+2
M (X,Z(j)){ℓ∞} injects into Hj+1

ét (X,Qℓ/Zℓ(j)). For i = 4, j = 2, this gives an injective map

CH2(X)[ℓ∞] → H3
ét(X,Qℓ/Zℓ(2)) first considered by Bloch.

Proposition C.7. Let X/k be smooth, projective, connected of dimension d over a separably closed

field k. Let ℓ be a prime invertible in k. Let i ≥ 0 and j ≥ 2. If one of the following hypotheses holds:

(a) i > 2j,

(b) i ≤ j + 1, or

(c) d ≤ j and i ̸= 2j,

then Hi
M (X,Z(j))⊗Qℓ/Zℓ = 0.

Proof. Statement (a) is clear because Hi
M (X,Z(j)) = 0 for i > 2j. Under the hypothesis i ≤ j + 1, the

map Hi
M (X,Z(j)) → Hi

L(X,Z(j)) is an isomorphism. Statement (b) then comes from Proposition C.2.

For any smooth, connected, quasi-projective X over k, for d ≤ j and i ≤ 2j, Suslin [Su99, Corollary

3, p. 254] proved that the maps

Hi
M (X,Z/ℓr(j)) //Hi

ét(X,µ⊗jℓr )
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are isomorphisms. For d ≤ j, and any i ≥ 0, one then gets injections

Hi
M (X,Z(j))⊗Qℓ/Zℓ ↪→ Hi

ét(X,Qℓ/Zℓ(j)).

For X smooth, connected, and projective, and i ̸= 2j, a weight argument as before gives that this map

is zero, which proves (c). □

C.4. Motivic cohomology of smooth projective varieties over a finite field.

Lemma C.8. Let X be a smooth, projective, geometrically integral variety over a finite field F. Let ℓ

be a prime invertible in F and let i ≥ 0. If i ̸= 2j+1, 2j+2, then Hi
L(X,Z(j))[ℓ∞] ≃ Hi

ét(X,Zℓ(j))tors.

Proof. Assume i ̸= 2j, 2j +1. By Deligne’s results on the Weil conjectures, the group Hi
ét(X,Qℓ/Zℓ(j))

is then finite [CTSS83, Theorem 2, p. 780]. We conclude from (C.1) that

Hi
L(X,Z(j))⊗Qℓ/Zℓ = 0

and there is an isomorphism of finite groups Hi+1
L (X,Z(j))[ℓ∞] ≃ Hi+1

ét (X,Zℓ(j))tors, as we want. □

Upon use of Lemma C.1 we deduce:

Proposition C.9. Let X be a smooth, projective, geometrically integral variety over a finite field F.
Let ℓ be a prime invertible in F. If i ̸= 2j, 2j + 1, 2j + 2, the group Hi

L(X,Z(j)) is an extension of the

finite group Hi
ét(X,Zℓ(j))tors by the maximal ℓ-divisible subgroup of Hi

L(X,Z(j)), and that subgroup is

uniquely ℓ-divisible.

Remark C.10. If i ≤ j + 1, the isomorphism Hi
M (X,Z(j)) ≃ Hi

L(X,Z(j)) implies that we may for

i ≤ j + 1 replace Hi
L(X,Z(j)) by Hi

M (X,Z(j)) in Proposition C.9.

Remark C.11. If i = j +2, the map Hi
M (X,Z(j)) → Hi

L(X,Z(j)) is injective. Thus for i ̸= 2j, 2j +1,

the group Hj+2
M (X,Z(j))[ℓ∞] injects into Hj+1

ét (X,Qℓ/Zℓ(j)). For i = 4, j = 2, this gives an injective

map CH2(X)[ℓ∞] → H3
ét(X,Qℓ/Zℓ(2)) into a finite group, which was used in [CTSS83].

We also have:

Proposition C.12. Let X be smooth, projective, connected of dimension d over a finite field F. Let ℓ

be a prime invertible in F. Let i ≥ 0 and j ≥ 2. If one of the following hypotheses holds:

(1) i > 2j,

(2) i ≤ j + 1,

(3) d ≤ j and i ̸= 2j,

then Hi
M (X,Z(j))⊗Qℓ/Zℓ = 0.

Proof. As before (1) is clear because Hi
M (X,Z(j)) = 0 if i > 2j. Statement (2) is a consequence of

Proposition C.9.

For any smooth, connected, projective X over F, for d ≤ j and 0 ≤ i ≤ 2j, Kerz and Saito [KS12, p.

254, Theorem 9.3] proved that the maps Hi
M (X,Z/ℓr(j)) → Hi

ét(X,µ⊗jℓr ) are isomorphisms. For d ≤ j,

and any i ≥ 0, one then gets injections Hi
M (X,Z(j)) ⊗ Qℓ/Zℓ ↪→ Hi

ét(X,Qℓ/Zℓ(j)). For X smooth,

connected, and projective, and i < 2j, a weight argument gives that Hi
ét(X,Qℓ/Zℓ(j)) is a finite group,

hence the map is zero. This gives statement (3) and hence concludes the proof. □
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