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Geometric retract rationality of
norm varieties

STEFAN SCHREIEDER

Let k be a field of characteristic zero and let o = (aq,...,a,) be
any ordered sequence of invertible elements a; € k*. We show that
for any prime /¢, the associated norm variety X, ; is geometrically
retract rational. This generalizes a recent result in [BHS23], where
geometric A'-connectedness (an a priori weaker notion) had been

proven.
1. Introduction

Let ¢ be a prime and let k be field of characteristic zero. Let a := (aq, ..., an)

be an ordered sequence of elements ay,...,a, € k*. Associated to this there

is a standard norm variety X, ¢ (see [Ros02, [SJ06]) which played a crucial
role in Voevodsky’s proof of the Bloch-Kato conjecture [Voell].

Asok proved that X, ¢ is geometrically rationally connected, see [Asol3,
Proposition 2.6 and Remark 2.9]. In [BHS23l Theorem 1], the authors im-
prove Asok’s result by showing that X, , is geometrically Al-connected.
Equivalently, X, , becomes universally R-trivial over the algebraic closure
k, which means that for any field extension L/k, the set of equivalence
classes X ¢(L)/ ~ consists of a single element, where ~ is the equivalence
relation on the set of L-rational points that is generated by the condition
x ~ y whenever x and y lie on the same rational curve (over L).

Recall that a variety X is retract rational if the identity on X factors
as rational map through some projective space. Any retract rational variety
is unirational, while the converse is not true in general, see e.g. [AMT2].
Moreover, Asok and Morel showed that retract rational varieties are Al-
connected (at least in characteristic zero), see [AMII, Theorem 2.3.6]. The
converse to this is an open question, see [AMI11], Remark 2.3.11]. It is thus
natural to ask whether standard norm varieties are not only geometrically
Al-connected but in fact geometrically retract rational. This question goes
back to Asok [Asol3, Remark 2.9] and Balwe-Hogadi-Sawant [BHS23, In-
troduction]. In this short note we answer this question positively.
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Theorem 1.1. Let k be a field of characteristic zero and let « :=
(a1,...,ayn) be an ordered sequence of elements ay,...,a, € k* with n > 2.
Then for any prime £, the standard norm variety X, is geometrically re-
tract rational.

The above theorem is formulated for fields of characteristic zero, because
the standard norm varieties under consideration are mostly studied under
this assumption, see e.g. [SJ06]. However, our proof does not make use of
resolution of singularities and works in arbitrary characteristic. In particular,
standard norm varieties in positive characteristic, defined analogously to the
case of characteristic zero, are geometrically retract rational, despite the fact
that it is not clear that these varieties have a smooth projective model.

We note that X, ¢ is in general not retract rational over the ground field
k. In fact, whenever the symbol associated to « is nonzero in KM (k)/¢, i.e.
in Milnor K-theory modulo ¢, then the norm variety X, ¢ is never retract
rational (it is not even unirational, because it does not contain a rational
point).

1.1. Notation

An algebraic scheme is a separated scheme of finite type over a field. A k-
variety is an integral algebraic scheme over a field k. For a k-variety X and
a positive integer m, we denote by Sym” X = X™ /S, the m-th symmetric
power of X. In general, Sym” X is an algebraic scheme over k; it is integral,
hence a variety in the above sense, if X is geometrically integral. We will use
that Sym™ is a covariant functor on the category of geometrically integral
k-varieties.

A k-variety X is retract rational if there is a rational map f: X --» PV
for some N > 1 and a rational map ¢ : PV --» X such that g o f is defined
and agrees with the identity as a rational map. In other words, there is a
rational map f : X --» PV which admits a rational section. Clearly, if X is
retract rational, then so is any birational model (e.g. any non-empty open
subset). Moreover, X is retract rational if and only if X x P" is retract
rational for some n > 0. In particular, any stably rational variety is retract
rational.

By definition, X is retract rational if and only if there are open dense
subsets U € X and V € PV for some N such that the identity on U factors
through V. It follows from this description that retract rational varieties
are geometrically integral (it is in the above notation enough to check that
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U is geometrically integral, which follows from the fact that V is geomet-
rically integral). In particular, if X is a retract rational k-variety then any
symmetric power Sym"” X is a k-variety in the above sense.

2. Three lemmas

We say that a rational map f: X --+ Y between two k-varieties is generi-
cally injective if there are dense open subsets U C X and V C Y such that
f restricts to a closed embedding U — V. Equivalently, if nx € X denotes
the generic point, then f induces an isomorphism between residue fields

r(f(nx)) = w(11x).

Lemma 2.1. Let k be a field and let Y be a retract rational k-variety. Then
for any rational map f :Y --» PN which is generically injective, there is a
rational section g : PN --» Y, i.e. a rational map g such that g o f is defined
and coincides with the identity as a rational map.

Proof. By Saltman’s criterion [Sal84) Theorem 3.4] (see also [CTS07, Propo-
sition 1.2]), there is a dense open subset V C Y such that for any local
k-algebra A with residue field x, the map V(A) — V (k) is surjective. (In
fact, this is the easy direction of Saltman’s criterion: choose V such that
there is a dense open subset U C A such that the identity on V factors via
V — U — V. Any map € : Speck — A lifts to a map e, : Spec A — AN If
im(e) C U, then im(e4) C U, because A is local. Hence, U(A) — U(k) is sur-
jective. By the factorization V- — U — V of idy, V(A) — V(k) is surjective
as well.)

We apply this to the local ring A := Opn g, ) of PN at the image of
the generic point of Y. Since f is generically injective, the residue field of
A is isomorphic to k(Y'). It follows that the “diagonal” point dy € Y (y),
corresponding to the canonical map Speck(Y) — Y, lifts to an A-valued
point of Y. In other words, there is a morphism Spec A — Y which restricts
to the inclusion of the generic point 7y on the closed point of Spec A. Since
A = Opn f(,), We conclude that there is a rational map g : PN --5 Y which
is defined at f(ny) and such that g o f coincides as rational map with the
identity on Y. This concludes the proof of the lemma. O

Remark 2.2. Since any variety is birational to a hypersurface, it follows
from Lemma[2.]] that any retract rational k-variety Y admits a rational map
Y ——s PAMYHL with o rational section.
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Remark 2.3. The argument in Lemma [2.1] works verbatim if we replace
PN by any k-variety Z. Hence, if Y is retract rational, then any generi-
cally injective map f:Y --+» Z to a k-variety Z admits a rational section.
(Thanks to Remy van Dobben de Bruyn for pointing this out.) In fact, this a
priori stronger statement is a formal consequence of Lemmal[2.1] because any
k-variety Z admits a generically injective rational map v : Z --» PN and so
we may apply Lemmal[21) to v o f to produce a rational section of v o f which
restricts to a rational section of f, as we want.

Lemma 2.4. LetY be a retract rational k-variety over an infinite field k.
Then Sym™Y is retract rational over k for any m > 1.

Proof. The statement is trivial if dimY = 0, because retract rational va-
rieties are geometrically integral and so Y = Speck in this case. We may
therefore assume that Y has positive dimension. Up to replacing Y by a pro-
jective model, we may assume that there is a closed embedding f : Y < PV
for some N. Since dim Y > 1, composing the embedding Y — PV with some
Veronese embedding of PV, we can ensure that

(2.1) dim (f(Y)) > m,

where (f(Y)) C PV denotes the smallest linear subspace that contains f(Y).

Since Y is retract rational, Lemma shows that f admits a rational
section, i.e. a rational map ¢ : PV --» Y such that g o f is defined and coin-
cides with the identity (as a rational map). Taking the symmetric product,
we get maps

Symm I Symm Y — Symm PV and Symm g: Symm PN __, Symm Y

such that Sym™ g o Sym™ f is defined and coincides with the identity.
By [Mat68], there is a birational map
¢ : Sym™ PN S5 P,
Hence there are open dense subsets U € Sym™ PY and V c P™V such that
© induces an isomorphism U ~ V.

From now on we use that k is infinite, which implies that the k-rational
points of U are Zariski dense. We may therefore pick a general k-rational
point £ € U and note that £ corresponds to a set {x1, ...,z } of general k-
rational points ; € PV. By (2.1), dim (f(Y)) > m and so N > m (because
(f(Y)) is a subspace of PV). It follows that the general points z1, ..., Ty,
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of PV are linearly independent in PV . Similarly, a general k-rational point
¢ € Sym™Y corresponds to a set {yi,...,ym} of general k-rational points
y; € Y. (Here we use that the set of k-rational points of Y is Zariski dense
because k is infinite and Y is retract rational, hence unirational over k.)
Since ( is general, f is defined at each of the points yi,...,y, and since
dim (f(Y)) > m, the points f(y1), ..., f(ym) of PV are linearly independent.
It follows that there is a linear automorphism h : PN = PV defined over k
such that h(f(y;)) = z; for all i. The induced automorphism

Sym™ h : Sym™ PN — Sym™ PV

satisfies
Sym™ h(Sym™ f(¢)) = £ € U.
It follows that the composition

S m m
Sym™Y ™, d Sym™ PV Sym? Sym™ PV 2, pmN

is defined and admits a rational section, given by

m

o o S
pmN £, Sym™ PV Sym™ p Sym™ PV e Sym™Y.

(Here we use that Sym™ g is defined at Sym™ f({), because ¢ € Sym™Y was
chosen to be general and g o f is defined as a rational map by assumption.)
This concludes the proof of the lemma. O

Lemma 2.5. Leth: X — Y be a dominant morphism of k-varieties whose
generic fibre X, is irreducible. If X, is retract rational over k(Y) and Y is
retract rational over k, then X is retract rational over k.

Proof. Since the generic fibre X, of h is retract rational, there is a rational
map

f . Xn -—— ]P)Z(Y)

which admits a rational section g : P};(Y) --+ X;;,. The maps f and g spread
out to rational maps of k-varieties

F:X--»>P' xY and G:P"xY --» X,

such that G o F' is defined and agrees with the identity as a rational map.
Moreover, F' and G are rational maps over Y, i.e. they are compatible with
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the corresponding maps to Y. Since Y is retract rational as a k-variety,
there is a rational map f’:Y --» PV with a rational section ¢’ : PV --» Y.
We identify P" x PV birationally with P"+V, by noting that both varieties
are compactifications of A”t"V. The compositions

(idxfoF: X --» PN

and
Go(idxg): PV s X

are then rational maps of k-varieties such that the composition
Go(idxg)o(idxf)oF: X --» X

is defined (this uses that F' and G are rational maps over Y, hence defined
at some point that dominates the generic point of Y') and coincides with the
identity. It follows that X is retract rational, as claimed. U

3. Proof of Theorem [1.1]

We may replace k by k and assume that k is algebraically closed. For n = 2,
Xa, is a Severi-Brauer variety and so it is rational over the algebraically
closed field k. We may thus assume n > 3 and argue by induction. By con-
struction (see e.g. [SJ06l §2] or [BHS23| §4]), there is a birational model X
of X, ¢ with a dominant morphism f : X — Sym’Y such that

e Y is birational to X, ¢ with o/ := (a1,...,an—1);

e the generic fibre of f is birational to the norm hypersurface {N — a,, =
0} over k(Sym‘Y’), where

N RL/KGm,LHGm,K

is the map of tori associated to the norm map of fields N : L — K,
where L :=k(Y x Sym‘~'Y) and K := k(Sym’Y), and Rp/kGm,L
denotes the Weil restriction of G, 1, to K.

Here the models X and Y are not necessarily proper nor smooth. (Of course
we could always assume that one of the two conditions is satisfied, but the
argument does not need that. We could assume that the generic fibre of f is
actually isomorphic to the norm hypersurface { N — a,, = 0} over /{:(Symg Y),
but again this will not play any role in the argument.)
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Since k = k, there is an element & € k with & = a,,. We may regard ¢ as
an element of L = k(Y x Sym*~!'Y") and we note that N(£) = a,. Multipli-
cation with ¢ induces an automorphism of Ry xGyy,, 1 which identifies the
norm 1 torus {N — 1 = 0} with {N — a,, = 0}. Hence, since {N —1 =0} is
retract rational by [End11, Theorem 4.1], {N — a,, = 0} is retract rational as
well. Theorem therefore follows from Lemmas and above, where
we use that k is algebraically closed, hence an infinite field. O

Remark 3.1. Stably rational varieties are retract rational and the converse
s known to fail in general over non-closed fields. However, it is not known
whether the two notions coincide over algebraically closed fields, cf. [PS25)].
While Lemma remains true if we replace retract rationality by stable
rationality, this does not seem to be clear for Lemma(2.4. More importantly,
the norm 1 tori over ]{:(Symg Y') that appear in the above argument are retract
rational for all primes, but they are not stably rational for primes £ > 5, see
[End1l, Theorem 4.1]. In particular, the norm varieties Xo ¢ for € > 5 yield
by Theorem natural candidates for varieties over algebraically closed
fields that are retract rational but which may potentially be not stably rational
i general.
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