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REFINED UNRAMIFIED COHOMOLOGY OF SCHEMES

STEFAN SCHREIEDER

ABSTRACT. We introduce the notion of refined unramified cohomology of algebraic schemes and prove
comparison theorems that identify some of these groups with cycle groups. This generalizes to cycles
of arbitrary codimension previous results of Bloch—Ogus, Colliot-Thélene—Voisin, Kahn, Voisin, and
Ma. We combine our approach with the Bloch—Kato conjecture, proven by Voevodsky, to show that
on a smooth complex projective variety, any homologically trivial torsion cycle with trivial Abel—
Jacobi invariant has coniveau 1. This establishes a torsion version of a conjecture of Jannsen originally
formulated ®Q. We further show that the group of homologically trivial torsion cycles modulo algebraic
equivalence has a finite filtration (by coniveau) such that the graded quotients are determined by higher
Abel-Jacobi invariants that we construct. This may be seen as a variant for torsion cycles modulo
algebraic equivalence of a conjecture of Green. We also prove ¢-adic analogues of these results over any
field k which contains all ¢-power roots of unity.
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1. INTRODUCTION

Unramified cohomology of a smooth variety may be defined as the subgroup of the cohomology of
the generic point given by all classes that have trivial residues at all codimension one points, see [BO74]
and [CT95, 4.1.1(a)]. Bloch-Ogus [BO74] showed that unramified cohomology in degree 3 is related to
the Griffiths group of codimension 2 cycles. Colliot-Thélene—Voisin [CTV12] computed the failure of the
integral Hodge conjecture for codimension 2 cycles on smooth complex projective varieties in terms of
unramified cohomology in degree 3; a similar statement holds for the integral Tate conjecture by Kahn
[Kah12]. A relation between torsion codimension 3 cycles with unramified cohomology in degree 4 is
due to Voisin [Voil2] and Ma [Mal7].

The results in [CTV12, Kahl2, Voil2, Mal7] use two main ingredients: the Gersten conjecture
proven by Bloch—Ogus [BO74], which identifies unramified cohomology of smooth varieties with the
global sections of a certain Zariski sheaf, and the Bloch-Kato conjecture, proven in [MS83, Voell].

This paper arose from the observation that the aforementioned results from [CTV12, Kahl2] have
more elementary proofs, not relying on the Gersten conjecture, nor on the Bloch-Kato conjecture, see
Section 3 below for more details. This leads us to the notion of refined unramified cohomology, which
generalizes unramified cohomology. Our arguments work for cycles of arbitrary codimensions, over
arbitrary fields, and even on singular schemes, see Theorems 1.6 and 1.8 below.

Our main results on algebraic torsion cycles that we explain next combine the machinery of refined
unramified cohomology with the Bloch-Kato conjecture [Voell].

1.1. Torsion cycles and Abel-Jacobi invariants. A cycle z € CHi(X ) on a complex variety X has
coniveau j, i.e. z € N7 CHi(X ), if z is homologically trivial on a closed subset of codimension j. That is,
z € NJ if z = O is the boundary of a locally finite singular chain v whose support is contained in a closed
algebraic subset of codimension j in X. This yields a finite descending filtration with N? = CHi(X Yhom
and N*~! = CH'(X) alg, the subgroups of homologically and algebraically trivial cycles, respectively, cf.
[Blo85] and [Tot97, p. 491, Remark 2].
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Jannsen showed that on smooth complex projective varieties, N; CH'(X) := N*~7 CH'(X) is a filtra-
tion by adequate equivalence relations, see [Jan00, Theorem 5.6] (stated ®Q, but the same arguments
work integrally). In particular, N* interpolates naturally between algebraic and homological equivalence,
respectively, and it is multiplicative in a strong sense: N7 CH'(X) - CH"(X) ¢ N7th CH*"(X).

Theorem 1.1. Let X be a smooth projective variety over C and leti > 2. A homologically trivial torsion
cycle z € CH' (X )ors has coniveau 1 if and only if Griffiths’ Abel-Jacobi invariant X\(z) € H*~1(X,Q/Z)
admits a lift to N*H?~1(X,Q).

The above theorem uses that the torsion subgroup of Griffiths’ intermediate Jacobian J2~1(X)
identifies canonically to the image of H*~1(X,Q) in H*~Y(X,Q/Z), cf. [Blo79, p. 116]. The subgroup
N'H*71(X,Q) c H*71(X,Q) consists of those classes that vanish away from a divisor.

The case i = 2 may be deduced from [MS83, §18]; the case 7 > 3 is new. Torsion cycles to which the
above theorem applies are constructed e.g. in [Tot97, SV05, Sch21b].

Corollary 1.2. Let X be a smooth projective variety over C. Then for any positive integer n, the
n-torsion subgroup of CH" (X )sors/N' CH" (X )tors i finite.

We illustrate the above corollary in the case of cycles of codimension 3. In this case the coniveau
filtration is of the form N? ¢ N' ¢ N° ¢ CH*(X). The above corollary shows that the n-torsion in
CH?(X) is finite modulo N'. In contrast, it is shown in [Schoe00, RoSr10, Tot16] that the n-torsion
in N? CH?(X) can be infinite (the torsion classes constructed there are all algebraically trivial, hence
contained in N?). Similarly, using the theory developed in this paper we show in [Sch21b] that at least
for n even, the n-torsion in CH3(X )tors/IN? is in general infinite. It follows that CcH? (X)tors/NY and
NOCcH? (X )tors/N* are the only graded pieces of CHS(X )tors Whose torsion is always finite. In this sense,
Corollary 1.2 is optimal for i = 3. We also note that CH*(X)/N* CH'(X) is for i = 2 in general not a
finitely generated group, see [Cle83, Voi00] (it is conceivable that the same holds all i > 2).

Another immediate consequence of Theorem 1.1 is as follows.

Corollary 1.3. Let X be a smooth projective variety over C. A homologically trivial torsion cycle
z € CH"(X )tors with trivial Abel-Jacobi invariant has coniveau 1.

Corollary 1.3 proves a torsion analogue of a conjecture of Jannsen (going back to a question of
Esnault) who writes in [Jan00, p. 227, (5)] that “cycles in the kernel of the Abel-Jacobi map should be
homologous to zero on a divisor, at least modulo torsion”. Jannsen shows that his conjecture follows
from deep motivic conjectures: the existence of a Bloch—Beilinson filtration F* (see e.g. [Jan00, §2.1])
together with the standard conjecture B imply F/ C N7~ at least rationally, see [Jan00, p. 226, (4)].
Jannsen’s conjecture generalizes a conjecture of Nori [Nor93], which predicts that the transcendental
Abel-Jacobi map on codimension 2 cycles modulo algebraic equivalence is injective, see [Tot97, p. 468].

Nowadays essentially all deep conjectures in the theory of algebraic cycles on smooth complex projec-
tive varieties are formulated rationally. For instance, Hodge originally formulated his famous conjecture
integrally, but when Atiyah and Hirzebruch showed that it fails for torsion cycles [AH62], it became
clear that one should phrase it rationally. Nonetheless, investigating instances where the Hodge conjec-
ture may hold integrally remained an active field of research, see e.g. [Voi06, CTV12, BeWi20, Per22].
Similarly, it is natural to investigate to which extent other cycle conjectures may hold integrally, or on
torsion cycles, see e.g. [Tot97, §8]. In view of the many torsion counterexamples to the integral Hodge
conjecture (see e.g. [AH62, Tot97, SV05, BeOt20a]), it may be surprising that the integral Jannsen
conjecture holds by Corollary 1.3 unconditionally on torsion cycles.

The proof of Theorem 1.1 uses a homological interpretation of the transcendental Abel-Jacobi in-
variant on torsion cycles that does not require the smoothness assumption on X. The main point of
this observation is that it allows for 0 < j < i — 2 to define higher Abel-Jacobi invariants
. Nj CH® (X)tors HTj,tr(X)tors»

<

A

g,tr
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by applying suitable Abel-Jacobi mappings on closed subschemes of X. Here,

7;,tr(X)t0rS = 1% HQ%Af%H(Zam Q/Z)/NlHZBclA—/IQi+1(ZanaQ)’
zZcX
where d := dim X, Z C X runs through all closed subschemes with ;7 = dim X — dim Z and N* denotes
Grothendieck’s coniveau filtration on the respective Borel-Moore homology group.

Theorem 1.4. Let X be a separated scheme of finite type over C. Then for all 0 < j <1i — 2, we have
L N9 CHY (X ) ors — 7}7”()()1;0“) .

NI CHY (X )ione = Fer (X,

Since N*~' CH'(X) = CH(X )y is divisible, the above theorem implies that the torsion subgroup
of AY(X) := CH(X)/ ~alg admits a finite filtration (by coniveau) such that the graded pieces are
determined by higher Abel-Jacobi invariants. This should be compared to Green’s conjecture [Gre98,
Voi99], which predicts that rational Chow groups of smooth complex projective varieties carry a finite
filtration (expected to be the Bloch—Beilinson filtration) such that the graded quotients are determined
by higher Abel-Jacobi invariants.

Theorem 1.4 admits the following /-adic analogue, concerning the /-power torsion subgroup CH*(X)[¢>]
of CH*(X) := CHgim x_i(X).

Theorem 1.5. Let X be a separated scheme of finite type over a field k and let £ be a prime invertible
in k. Assume that k contains all £-power roots of unity. Then for all 0 < j <i— 2, we have
LN CHY(X)[0%] = T, (X)[6])

NI+ CH! (X)[6%] = ker (X},tr
The coniveau filtration on CH'(X)[¢>°] as well as the (higher) Abel-Jacobi invariants are defined
analogues to the case of complex schemes above, where we replace ordinary Borel-Moore homology by
its ¢-adic pro-étale analogue [BS15], see Proposition 6.6 and Definition 7.29 below.
The above theorem proves analogues of Theorems 1.1 and 1.4 over any field k that contains all /-
power roots of unity. This includes in particular an ¢>°-torsion version of Jannsen’s conjecture over any
field that contains all £-power roots of unity, such as (function fields over) algebraically closed fields.

1.2. Refined unramified cohomology and algebraic cycles. Let X be a separated scheme of finite
type over a field k. We consider the increasing filtration

FEXCFHhXC - CFymxX =X, where F;X:={z€ X |codim(z) < j},

and codim(z) := dim X — dim({z}). Each F;X may be seen as a pro-object in the category of schemes.
For a given (co-)homology functor H'(—, A(n)) that admits pullbacks along open immersions of schemes
of the same dimension, the (co-)homology of F; X is defined as direct limit over all open subsets U C X
with F; X C U. We then define the associated j-th refined unramified cohomology by

(1.1) H: (X, A(n)) :=im(H (Fj11X, A(n)) — H (F; X, A(n))).

J.,nr

The Gysin sequence (see (1.4)) shows that the case j = 0 corresponds to classical unramified cohomology.

1.2.1. Complex schemes. Let now k = C. For an abelian group A, let
(1.2) H{(X,A(n)) := HEM .(X.., A(dx —n)),

dx —i
where HEM denotes Borel-Moore homology of the underlying analytic space X,, and A(m) = A ®yz
(2mi)™Z denotes the m-th Tate twist. Restriction maps as required above exist in this setting and so
we get refined unramified cohomology groups Hj ,,,.(X, A(n)).

By [Ful98, §19.1], there is a cycle class map
cll : CHY(X) — H* (X, Z(i)),
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where CH'(X) := CHg, _(X). We let Griff'(X) := ker(cly)/ ~alg-
If X is smooth and equi-dimensional, then HPY .(X.n, A) ~ H

sing(Xan, 4) and the above map
agrees with the usual cycle class map in singular cohomology.

Theorem 1.6. Let X be a separated scheme of finite type over C and define refined unramified coho-
mology as in (1.1) with cohomology theory in (1.2).

(1) There are canonical isomorphisms

B OQ/20) iy o Faine (X 20)
man ) S )

i—2,nr

coker(cl’ )iors

(2) There is a transcendental Abel-Jacobi map

H* (X, Q/Z(i))

Ayt Griff* (X)) ors — Ni—TH2-1(X, Qi)

If X is a smooth projective variety, this agrees with Griffiths’ transcendental Abel-Jacobi map
[Gri69] restricted to torsion cycles. Its kernel is isomorphic to

ker(\f,) ~ H?'3% (X,Q/Z(i)) /G H' 3% (X, Q/Z(i))

i—3,nr i—3,nr
and its image is given by im(\i.) = N =P H? =YX, Q/Z(1))aiv /N "L H? =1 X, Q(7)).

In the above theorem, N* denotes Grothendieck’s coniveau filtration and H*(X, Q/Z(7))aiv C H*(X,Q/Z(3))
denotes the divisible subgroup. Moreover, GiHiQfg?m(X, Q/Z(i)) denotes the subspace of Hfﬁgir(X, Q/Z(i)
generated by classes that admit a lift « € H?*=2(F;_» X, Q/Z(i)) whose image 6(a) € H*~Y(F;_2 X, 7Z(i))
via the Bockstein map lifts to H*~1(X,Z(i)), cf. Definition 5.4 and Lemma 7.18 below.

The above theorem contains the aforementioned results from [BO74, CTV12, Voil2, Mal7] as the
special case where ¢ = 2 in item (1) and 7 = 3 in (2), and where X is a smooth projective variety. Item
(1) uses Hilbert 90, but not the Bloch-Kato conjecture. Item (2) uses the Bloch-Kato conjecture in
degree 2, proven by Merkurjev—Suslin, but not in higher degrees.

Item (1) in Theorem 1.6 leads to new results on the integral Hodge conjecture for uniruled varieties.
Indeed, Voisin [Vo0i06] proved that the integral Hodge conjecture holds for smooth complex projective
threefolds X that are uniruled (i.e. Z*(X )tors = 0) and conjectured that it should fail for codimension
two cycles on rationally connected varieties of dimension at least four. This has later been proven in
[CTV12] (dim X > 6) and in full generality in [Sch19]. Taking products X x P™ with P, the examples
in [CTV12, Sch19] also yield counterexamples to the integral Hodge conjecture on unirational varieties
for cycles of codimension greater than two. However, in some sense these non-algebraic Hodge classes
should still be regarded as degree four classes, because they are Gysin pushforwards of non-algebraic
degree four Hodge classes on a subvariety of X x P" (namely X x {pt.}).

The tools of this paper allow us to go further by studying the integral Hodge conjecture for Hodge
classes (of arbitrary degree) in the following strong sense.

Corollary 1.7. For any integer © > 2, there is a smooth uniruled complex projective variety X such
that the integral Hodge conjecture fails for codimension i-cycles on X in a way that cannot be explained
by the failure on proper subvarieties of X in the following sense: There is a class a € coker(clg()tOrs
such that for any closed subscheme Z C X of codimension j > 1, the class o is not in the image of the
natural map coker(cly 7 )ors — coker(cl’ )tors-

In the above corollary we may take X =Y X E, where Y is a certain unirational variety of dimension
3i and F is an elliptic curve, see Theorem 10.6 below. The problem of finding a unirational variety X
with the property stated in the corollary remains open for ¢ > 3.
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1.2.2. Arbitrary ground fields. Theorem 1.6 admits an f-adic analogue over any field & in which ¢ is in-
vertible. The corresponding (co-)homology functor will be the ¢-adic pro-étale Borel-Moore cohomology,
see [BS15] and Proposition 6.6 below. For instance,

(13) H(X, Zo(n)) = H™ (Xprogr, wy Ze(n — dx)),

where mx : X — Speck is the structure map and dx = dim X. We construct in Section 7.2 cycle class
maps _

cl : CH(X)z, — H*(X,Z(i)), where CH'(X)z, := CHg, i(X) ®z Z,
which for X smooth and equi-dimensional coincide with Jannsen’s cycle class in continuous étale coho-
mology, see Lemma 9.1. Let N* be the associated coniveau filtration on CH'(X)z, and put

A (X)g, == N°CH (X)z,/N""1 CH (X)g,.

This is the f-adic Griffiths group of homologically trivial ¢-adic cycles modulo algebraic equivalence
if k£ is algebraically closed, and it is the group of homologically trivial ¢-adic cycles modulo rational
equivalence if k is finitely generated, see [Jan00, Lemmas 5.7 and 5.8] and Lemma 7.5 below. We denote
the torsion subgroup of A§(X)z, by A} (X)[(>].

Theorem 1.8. Let k be a field and let £ be a prime invertible in k. Let X be a separated scheme of
finite type over k and define refined unramified cohomology as in (1.1) with cohomology theory in (1.3).

(1) There are canonical isomorphisms

; HZ5Y (X, Q0/Z(3)) . H?5L (X, Z4(i))
coker(cl4 ) [f°] ~ =207 : and AL (X 7, =~ i=2nr iy
(bl H%5 5 (X, Qu(0)) o)z = (X, Z,00))
(2) There is a transcendental Abel-Jacobi map

My s A (X)) — H* 71 (X, Qe /Ze(0)) /N HH (X, Qi)

If X is a smooth projective variety and k is algebraically closed, then this map is induced by
Bloch’s Abel-Jacobi map on torsion cycles [Blo79]. Its kernel is isomorphic to

ker(Me,) ~ H?'32 (X, Qq/Z(3)) /G H? 3% (X,Q0/Z4(3))

i—3,nr i1—3,nr
and its image is given byim(\,,) = N "YH? =YX Qp/Z¢(i))aiv /N H* 71X, Qu(4)).

The filtration N* is the coniveau filtration and G* is defined similarly as in Theorem 1.6, see Definition
5.4 and Lemma 7.18 below. Moreover, H? =1 (X, Qy/Z(i))aiy C H*~1(X,Q¢/Z(i)) denotes the image
of H*~1(X,Qq(i)) — H* (X, Q¢/Z4(i))-

The computation of ker(\:,.) uses as before Merkurjev—Suslin’s theorem. The Bloch-Kato conjecture
is not used otherwise (in particular not in item (1)).

The first isomorphism in item (1) generalizes a result of Kahn [Kah12] who proved it for ¢ = 2 and

X smooth projective.

1.3. Comparison to Bloch—Ogus theory and Kato homology. Let X be an algebraic scheme over
a field k and let H*(—, A(n)) be one of the (co)-homology theories considered above. For a point z € X
with closure Z, := {x} C X, we let H'(z, A(n)) = H*(FyZ,, A(n)). The Gysin sequence (i.e. long exact
sequence of pairs), yields in the colimit a long exact sequence

(L4)  HUNEX, An) D HP N (F, X AMn) S @ HT P (x A(n — p) S5 HPYU(F,X, A(n)),
zeX(®)
see Lemma 5.8 below. Note that the image of f agrees by definition with the refined unramified
cohomology group H. 5:11;23()( , A(n)), which thus coincides with the kernel of the residue map 9 above.
This shows in particular that Hg (X, A(n)) corresponds to traditional unramified cohomology.
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. . ) «
The above sequence gives rise to an exact couple D1 i) DS E 5 D1, where

DY = HP"Y(F, X, A(n)), and EP'= @ HYP(z,A(n-—p)),
zeX ()

and f, 0, and ¢, have bi-degrees (—1,1), (0,0), and (1,0), respectively. The associated spectral sequence
EP! = HPT(X, A(n)) is convergent. The derived couple has the form Dy — Dy — E5 — Do, where
D= @Dy, Dyt = HETII(X, Al)),
P,q
is the direct sum of all refined unramified cohomology groups of X.

It follows from Lemma 5.12 below that di : By — E; agrees with the differential of the coniveau
spectral sequence from [BO74, §3], but see also Remark 1.9 below. Hence, FE5 agrees with the second
page of the coniveau spectral sequence and the derived couple Dy — Dy — FE5 — D5 shows that Es is
up to extensions determined by Dy, hence by refined unramified cohomology, see Proposition 7.35 below.
In the special case where X is smooth and equi-dimensional, the Gersten conjecture proven in [BO74]
(see also [CTHKO97]) thus implies that the cohomologies HP(X 74, H9) of the Zariski sheaf associated
to Ur—— H9(U, A(n)) are up to extensions determined by refined unramified cohomology.

Without any smoothness assumption on X, but under the condition that the ground field k has finite
cohomological dimension ¢, the derived couple Dy — Dy — E5 — Dy yields for A = Z/¢" canonical
isomorphisms

Epdte =y gridie(x 4% d=dim X,

p,nr

see Corollary 7.36 below. By definition, E¥ pd+e agrees with the Kato homology of X (see e.g. [Kat86,
KeSal2, Tia20]), and so we find that the latter is in fact a special instance of refined unramified
cohomology, cf. Remark 7.37 below. We remark that for X smooth projective, Kato homology as well as
traditional unramified cohomology are stable birational invariants of X, see e.g. [CT089, CTV12, Tia20].

Remark 1.9. One of the key differences of this paper compared to previous work is the observation

that for our purposes, the couple Dy — Dy — Ey — Dy is better suited than the couple D} L> Dy —
E; — Dj, used in [BOT4, §3] to define the coniveau spectral sequence. (Both couples stem from the long
exact sequence of triples, but applied to different geometric situations.) Moreover, we will not pass to
the coniveau spectral sequence (as done e.g. in [Blo79, CTV12, Kah12, Voil2, Mal7]), but work directly
with the above couple, which contains more information.

Remark 1.10. Assume that X is smooth and equi-dimensional. The main result of [BO74] (see also
[CTHK97]) is that the map [’ : D} — D7 is zero locally on X with the exception of only some trivial
bidegrees; as a consequence, E5'? =0 locally on X for all p # 0. In contrast, the image of f: Dy — Dy
is refined unramified cohomology and this invariant in general does not vanish locally on X . In fact, the
local vanishing of E2? for p # 0 implies that f : DETH9™1 — DPY s an isomorphism locally on X for
all p > 1. It follows that the Zariski sheaf M} ,,, associated to Ur— H} . (U, A(n)) does not depend on
j >0, hence agrees with H* for all j > 0, which is in general nonzero. (This shows in particular that at
least in the smooth case, refined unramified cohomology contains no interesting local information.)

1.4. Homology or cohomology? The results above relied on a twisted Borel-Moore homology theory
HEM(—, A(n)) with corresponding Borel-Moore cohomology theory H(X, A(n)) := HIM (X, A(dx —
n)), see (1.2) and (1.3). We will collect the properties of this functor that are crucial for us in Section
4 below. In sheaf theoretic terms, Borel-Moore cohomology will in practice be the (hyper-)cohomology
of some complex of sheaves. If X is smooth and equi-dimensional, Poincaré duality identifies this
complex to a locally constant sheaf. (For instance, ¢-adic Borel-Moore pro-étale cohomology is given
by H'(X,Z¢(n)) = R F(Xproét,ﬂ-!)(Z[(n —dx)[—2dx]), where mx : X — Speck and 7'y ~ 7% (dx)[2dx]
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if X is smooth and equi-dimensional of dimension dx, see Section 6.1 below.) The resulting theory
thus coincides on smooth equi-dimensional algebraic schemes with ordinary cohomology, but it differs in
general. In particular, as long as one is interested only in smooth equi-dimensional schemes, H'(X, A(n))
can be identified with ordinary cohomology in all our applications. (Working with singular schemes is
however important for the proof of several of the main results such as Theorems 1.1, 1.4, and 1.5 even
if the total space is smooth projective.)

The functoriality properties of Borel-Moore cohomology differ from those of ordinary cohomology:
the latter has arbitrary pullbacks but no pushforwards, while the former admits only pullbacks along
étale maps, but has proper pushforwards (which shift the degree), see Section 4 below. The situation
is similar to the distinction between ordinary singular homology and Borel-Moore homology (i.e. finite
versus locally finite singular chains) in topology, which have also different functoriality properties; they
agree for compact analytic spaces but differ in general.

Instead of exploiting the notion of Borel-Moore cohomology, we could of course use the formula
HY (X, A(n)) = HPM (X, A(dx — n)) to write everything in terms of Borel-Moore homology, which
may be preferred by some readers. The reason we use Borel-Moore cohomology and wrote this pa-
per cohomologically is that in the important special case where X is smooth and equi-dimensional,
HY (X, A(n)) will coincide with ordinary cohomology in all our applications. This has in particular the
advantage that the formulas that we prove for singular varieties and in arbitrary codimension reduce in
the special case of smooth projective varieties to those in [CTV12, Kah12, Voil2, Mal7], which motivate
this paper. Moreover, the applications of the theory in [Sch21b, Sch22| concern smooth projective vari-
eties and use the identification of Borel-Moore cohomology with ordinary cohomology. This allows one
to make use of cup products, which will be crucial (and which requires a cohomological formulation).
Writing this paper homologically would thus make it significantly harder to read those applications.

After all it is a matter of formal manipulations to rewrite this paper homologically, but note that it
will not be enough to just use H*(X, A(n)) = H3}" (X, A(dx —n)), one should also change the indices
in the filtration F, X to make the indices in the resulting formulas in Theorems 1.6 and 1.8 appealing.
Unfortunately, the translation between the homological and the cohomological notation is tedious, so
that we restrict ourselves to only one version here.

While only a matter of notation, we do believe that the notion of Borel-Moore cohomology may be
useful also in future.

2. NOTATION

A field is said to be finitely generated, if it is finitely generated over its prime field. An algebraic
scheme is a separated scheme of finite type over a field. A variety is an integral algebraic scheme. An
open subset of a scheme will always refer to a Zariski open subset, unless specified otherwise. The
dimension of an algebraic scheme is the maximum of the dimensions of its irreducible components.

For an algebraic scheme X, we write X(;) for the set of all points x € X with dim({z}) = i.
We then define X := X(4,_;), where dy = dimX. That is, 2 € X lies in X if and only if
dim X —dim({z}) = i. Note that this is slightly non-standard, as it does not imply that the codimension
of z defined locally in X is i, but it has the advantage that the Chow group CH*(X) := CHg, _;(X) (see
[Ful98]) is the quotient of P v [z]Z by rational equivalence, where [x]Z denotes the free Z-module
with generator [z]. We refer to [Ful98, §10.3] for the definition of algebraic equivalence of cycles on
algebraic schemes.

Whenever G and H are abelian groups (or R-modules for some ring R) so that there is a canonical
map H — G (and there is no reason to confuse this map with a different map), we write G/H as a
short hand for coker(H — G). For an abelian group G, we denote by G[¢"] the subgroup of £"-torsion
elements, and by G[¢*°] := J, G[¢"] the subgroup of elements that are {"-torsion for some r > 1. We
further write Tors(G) or Gy for the torsion subgroup of G.
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Let I be a directed index set and let (G;);c; be a direct system of abelian groups. We then denote
by
lim G;
iel
the direct limit of this system. Synonymously, we sometimes also call this the (filtered) colimit of (G;);cr
and denote it by colim G;.

3. WARM-UP: A SIMPLE PROOF OF THE COLLIOT-THELENE—VOISIN THEOREM
Let X be a smooth complex variety. In this section we present as a warm-up a proof of the formula
(3.1) coker(cl3 )ors ~ H2,(X,Q/Z)/H2 (X, Q),

which is due to Colliot-Thélene—Voisin [CTV12]. Their original proof relied on Voevodsky’s proof of the
Bloch-Kato conjecture; Kahn [Kahl2] later showed that Bloch—Kato in degree 2, i.e. the Merkurjev—
Suslin theorem, suffices to prove the result. Both approaches use the Gersten conjecture proven by
Bloch—Ogus, which identifies unramified cohomology with the global sections of a certain Zariski sheaf,
see [BO74]. In this section we explain a simpler argument that does not need Bloch-Kato in any degree
and which does not make use of the Gersten conjecture. The proof presented here generalizes easily
to give the result for arbitrary codimension and in fact on possibly singular schemes, see Theorem 7.7
below. This is the starting point of the more general theory presented in the body of the paper.

To fix notation in this section, we denote by H(X, A) singular cohomology of the underlying analytic
space X, with coefficients in an abelian group A. This coincides with Borel-Moore cohomology as
considered in the rest of this paper, because X is smooth and irreducible (hence equi-dimensional).

As above, we define H'(F;X, A) as the direct limit over H*(U, A) where U C X runs through all
(Zariski) open subsets whose complement has codimension at least j + 1. The unramified cohomology
of X is defined by H!,.(X,A) = im(H (F1 X, A) — H'(FyX, A)). The Gysin sequence implies that this
agrees with the definition given in [CT95, Theorem 4.1.1(a)] (cf. Lemma 5.8 below). In other words,
an element [a] € H! (X, A) is represented by a class a € H*(U, A) for some open subset U C X whose
complement has codimension at least 2 (such open subsets are called “big”) and two such representatives
yield the same element in H! (X, A) if they coincide on some dense open subset of X.

Our proof of (3.1) relies on the following lemma.

Lemma 3.1. The natural restriction map is an isomorphism

CH3(RX,Q/Z) . H3.(X,Q/Z)
' mrxe O HL(X.Q)

Proof. Since f is clearly surjective, it suffices to prove that it is injective.

Note that H3(F} X,Q) — H3 (X,Q) is surjective by definition. Hence, in order to prove the injec-
tivity of f it suffices to show the following: Let U C X be a big open subset and let o € H*(U,Q/Z)
such that

aly =0€ H*(V,Q/Z)

for some dense open subset V' C U. Then we need to show that up to removing a codimension 2 subset
from U, the class « lifts to H?(U, Q). Equivalently, we need to show that the image §(a) € H*(U, Z)tors
via the Bockstein map (associated to 0 = Z — Q — Q/Z — 0) vanishes after removing a codimension
2 subset from U.

Up to removing a codimension 2 subset from U, we may assume that D := U \ V is smooth of pure
codimension 1 in U. Since a|y = 0, the Gysin sequence shows that there is a class £ € H*(D,Q/Z)
with a = 1,&, where 1, : HY(D,Q/Z) — H?*(U,Q/Z) denotes the Gysin pushforward. Identifying the
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respective cohomology groups via Poincaré duality with Borel-Moore homology, it follows directly from
the definitions that the Bockstein map is compatible with ¢,. It thus suffices to show that

6(5) € HQ(D7 Z)tors

vanishes after removing a codimension 1 subset of D. This in turn is a well-known consequence of
Hilbert 90, see [Blo10, end of Lecture 5], which concludes the proof of the lemma. O

By the above lemma, it suffices to construct an isomorphism
(3.2) g : coker(cly )iors — H3(F1 X, Q/Z)/H3(F1 X, Q).

Here we note that both sides in (3.2) remain unchanged if we remove from X a closed codimension 3
subset (this is obvious for the right hand side and it follows from the Gysin sequence and purity for
the left-hand side). We will allow ourselves to perform such shrinkings in what follows (this could be
avoided if we were using Borel-Moore cohomology so that we can work with singular schemes). Let
a € H*(X,7Z) such that some multiple na = cli () is algebraic. Let Z := supp z. Up to removing Z5"&
from X, we may assume that Z is smooth. The Gysin sequence then yields

(3.3) H(Z,7) = HYX,Z)— H*(U,Z) -2 HY(Z,7),

where 0 denotes the residue map and the pushforward ¢, corresponds to the cycle class map. Since
na = cl% (z) € im(i.), we find that a|y € H*(U, Z)ors is torsion. The Bockstein map 6 : H3(U, Q/Z) —
H*(U,Z) induces an isomorphism

671 HY U, Z)vors = H3(U,Q/Z)/H?*(U,Q).

The right hand side in the above isomorphism maps naturally to the right hand side in (3.2) (in fact,
the latter is just the direct limit of the former where one runs through all big open subsets U C X).
The map g above is then defined by
9(a) = [~ (alu))-

The Gysin sequence implies that this definition is well-defined, i.e. g(a) does not change if we add to «
some algebraic class.

We aim to construct an inverse of g. To this end, let 3 € H3(U,Q/Z) for some big open subset
U C X. The class ' := §(8) € H*(U,Z) is a torsion class. Let Z = X \ U. Up to shrinking X, we
may assume that Z is smooth of pure codimension 2 in X. Then we have an exact sequence as in (3.3)
and the (trivial) fact that H'(Z,Z) is torsion-free implies that the torsion class o’ € H*(U,Z) lifts to a
class a € H*(X,Z). The fact that o/ is torsion implies that some multiple of « is algebraic and hence
[a] € coker(cly )iors. If B lifts to a class in H3(U,Q), then o/ = 0 and so the above construction yields
a map

g H3(F1X,Q/Z)/H?(F1 X, Q) — coker(cly )iors, [B]—[al].

It follows from the construction that g and ¢’ are inverse to each other. Hence, g is an isomorphism and
the formula in (3.1) is proved.

4. BOREL—-MOORE COHOMOLOGY

We list here properties of a functor, that we call Borel-Moore cohomology, which allows to run the
arguments from Section 3 (and more). Technically speaking, Borel-Moore cohomology will in all our
applications agree up to shifts with Borel-Moore homology, see also Section 1.4 above. In practice and
in terms of sheaf theory, this means that Borel-Moore cohomology will be the hypercohomology of some
complex of sheaves on some site; the complex in question has by Poincaré duality the property that it
simplifies on smooth equi-dimensional schemes to a locally constant sheaf. In other words, on smooth
equi-dimensional varieties, Borel-Moore cohomology will agree with ordinary cohomology. However, on
singular spaces, Borel-Moore cohomology and ordinary cohomology differ: for Borel-Moore cohomology



REFINED UNRAMIFIED COHOMOLOGY OF SCHEMES 11

we require pullbacks only along open immersions of equi-dimensional schemes (and not along arbitrary
morphisms), while we require pushforwards along proper morphisms of possibly singular schemes (and
not only for smooth equi-dimensional schemes).

Definition 4.1. Let V be a category of Noetherian schemes such that the morphisms are given by open
immersions U < X of schemes with dim(U) = dim(X). We call V constructible, if for any X € V, the
following holds:

e if Y — X is an open or closed immersion, then Y € V;
o if X €V is reduced, then the normalization of X is also in V.

Definition 4.2. Let V be a constructible category of Noetherian schemes as in Definition 4.1. Let R
be a ring and let A C Modg be a full subcategory of R-modules with R € A. A twisted Borel-Moore
cohomology theory on V with coefficients in A is a family of contravariant functors

(4.1) V— Modg, X+—Hg, (X, A(n)) with i,n € Z and A € A
that are covariant in A and such that the following holds, where we write for simplicity
H'(X, A(n)) == Hp (X, A(n)),

P1 For X,Y €V and any proper morphism f : X — Y of schemes of relative codimension ¢ =
dimY — dim X, there are functorial pushforward maps

fo : H729(X, A(n — ¢)) — H(Y, A(n)),

compatible with pullbacks along morphisms in V.

P2 For any pair (X,Z) of schemes in V with a closed immersion Z — X of codimension ¢ =
dim(X) — dim(Z) and with complement U with dim(X) = dim(U), there is a Gysin ezact
sequence

.. —HY(X,A(n)) - H'(U, A(n)) -&5 H*'72°(Z, A(n —¢)) = HY(X, A(n))— ...

where r is induced by functoriality, O is called residue map and i, is induced by proper pushfor-
ward from (P1). The Gysin sequence is functorial with respect to pullbacks along open immer-
sions f:V — X withdimV =dim X, dim(V N Z) =dim Z, and dim(V \ (VN Z)) =dimV,
giving rise to a commutative diagram

Hi(X, A(n)) —=— HI(U, A(n)) —2—— HI+1=2¢(Z, A(n — ¢)) —=— Hi+1(X, A(n))

T I I
Hi(V, A(n)) ——— H{(V N U, A(n)) —2— H*1=2¢(V 1 Z, A(n — ¢)) —— Hi*1(V, A(n))

for alli. Similarly, if f: X' — X is proper with Z' = f~Y(Z) and dim X' = dim(X’\ Z’), then
the proper pushforward along f induces for all i a commutative diagram

Hi(X', A(n)) —— HI(U', A(n)) —2— H*+1=2¢(Z' A(n — ¢)) —=— HTL(X', A(n))
| | | |
Hi(X, A(n)) ——— HI(U, A(n)) —2— H*1=2¢(Z, A(n — ¢)) —=— HT1(X, A(n)).
P3 For any X €V and x € X, the groups
(4.2) H'(z,A(n)) = lim  H'(V,, A(n)),

0#£VyC{z}
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where V,, runs through all (Zariski) open dense subsets of {x} C X (with the reduced subscheme
structure), satisfy H'(x, A(n)) = 0 for i < 0. Moreover, there are isomorphisms H°(x, A(0)) ~
A that are functorial in A, and for A = R there is a distinguished class [x] € H°(z, R(0)) (called
the fundamental class) such that H°(z, R(0)) = [z]R is freely generated by [x].

Remark 4.3. We warn the reader that even if Spec k(x) € V, the cohomology of a point x € X in (4.2)
may not agree with H*(Spec x(z), A(n)). This phenomenon is not new but already present in [BO74]
and in any other work where the Bloch-Ogus resolution for non-torsion coefficients is used.

In what follows, we will usually write uf" := Z/€"(n).

Definition 4.4. Let V be a constructible category of Noetherian schemes as in Definition 4.1. Let ¢ be
a prime and let R = 7Zy. A twisted Borel-Moore cohomology theory on V with coefficients in A C Modyg,
(see Definition 4.2) is called (-adic, if Ze, Qp, Q¢/Z¢, and Z/0" for all r > 1 are contained in A, such
that the following holds:

P/ Functoriality in the coefficients induces isomorphisms of functors

lim H'(—, pg") = H'(=,Q¢/Ze(n)) and H'(—,Ze(n)) @z, Q¢ = H'(—, Qu(n)).

P5 For any X €V, there is a long exact Bockstein sequence
o HU(X, Zy(n)) 25 HY(X, Zy(n)) — H (X, p3") =25 HHY(X, Zy(n)) 25 ...
where H' (X, Zy(n)) — HY(X,u3™) is given by functoriality in the coefficients and where § is
called the Bockstein map. This sequence is functorial with respect to proper pushforwards and
pullbacks along morphisms in V.

P6 For any X €V and x € X, there is a map € : k(x)* — H'(x,Z¢(1)) such that Hilbert 90 holds
in the sense that the map €: r(z)* — H'(z, u5") induced by reduction modulo €™ is surjective.
Moreover, for X €V integral with generic point 7, there is a unit u € Z;y such that for any
reqular point x € XV | the natural composition

k(n)* = HY(n,Ze(1)) % HO(x,Z4(0)) = [2]Zy,

where 0 is induced by (P2) and the last equality comes from (P3), sends f to [x](u - v4(f)).
Here, v, denotes the valuation on k(n) induced by x.

Let X € V be integral and let U C X be a big open subset, i.e. dim(X \ U) < dimX — 1. Then
H2(U,Z(1)) ~ H%*(X,Z¢(1)) by (P2) and (P3) (see Corollary 5.10 below). Taking the direct limit
over all U and using H(z,Z¢(0)) = [2]Z, from (P3), we find that the proper pushforwards from (P1)
induce a cycle class map

(4.3) bt @D 12— H? (X, Z(1)).

zeX )
The following two options are of particular interest:

P7.1 If X is integral and regular, the kernel of (4.3) is given by Z,-linear combinations of algebraically
trivial divisors.

P7.2 If X is integral and regular, the kernel of (4.3) is given by Z-linear combinations of principal
divisors.

Definition 4.5. Let V be a constructible category of Noetherian schemes, see Definition 4.1. An £-adic
twisted Borel-Moore cohomology theory H*(—, A(n)) on V as in Definition 4.4 is adapted to algebraic
equivalence, if (P7.1) holds, and it is adapted to rational equivalence, if (P7.2) holds.
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In addition to ¢-adic theories, we will also need the following integral variant. To this end, we perform
in each of the statements (P4)—(P6), (P7.1), and (P7.2) the formal replacement of symbols:

ZZWZ7 QKWQa ETWTv
and denote the corresponding statements by (P4’)—(P6’), (P7.1°), and (P7.2’), respectively.

Definition 4.6. Let V be a constructible category of Noetherian schemes (see Definition 4.1) and let
R =17. A twisted Borel-Moore cohomology theory on V with coefficients in A C Mody as in Definition
4.2 s called integral, if Z, Q, Q/Z, and Z/r for allr > 1 are contained in A, such that items (P4’)-(P6’)
hold. The theory is adapted to algebraic (resp. rational) equivalence, if item (P7.1°) (resp. (P7.2°))
holds true.

Remark 4.7. It seems natural to add in (P1) the requirement that pushforwards are compatible with
the functoriality in the coefficients. We did not do so because in this paper we will only need this

compatibility for the natural maps Z; x¢ Zy, Ly — 20", Zy — Qq, and Qp — Qq/Zy, where it follows
from (P4) together with the compatibility of the Bockstein sequence with proper pushforwards formulated
in (P5).

5. DEFINITION OF REFINED UNRAMIFIED COHOMOLOGY AND SIMPLE CONSEQUENCES

In this section, we fix a constructible category V of Noetherian schemes, see Definition 4.1. We further
fix a ring R and a twisted Borel-Moore cohomology theory H*(—, A(n)) on V with coefficients in a full
subcategory A C Modg, see Definition 4.2. In particular, (P1)—(P3) hold true.

For X € V we write F;X := {z € X | codim(z) < j}, where codim(z) := dim(X) — dim({z}). We
then define

H'(F;X,A(n)) = lim  H'(U,A(n)),
F;XcUCX

where the direct limit runs through all open subschemes U C X with F;X C U. Since the direct limit
functor (i.e. filtered colimits) is exact, many of the properties of H*(X, A(n)) remain true for F; X in
place of X. Moreover, for m > j, there are canonical restriction maps H*(F,, X, A(n)) — H'(F; X, A(n)).

Definition 5.1. The j-th refined unramified cohomology of X € V with respect to a twisted Borel-Moore
cohomology theory H*(—, A(n)) on V with coefficients in a full subcategory A C Modg, is given by

H} ,.(X,A(n)) :=im (H'(Fj 11X, A(n)) — H'(F; X, A(n))) .
5.1. Three filtrations. Following Grothendieck, the coniveau filtration on H*(X, A(n)) is defined by
(5.1) NIH (X, A(n)) := ker(H (X, A(n)) — H'(F;_1X, A(n))).
There is a similar coniveau filtration on refined unramified cohomology, defined as follows.
Definition 5.2. Let X € V. The coniveau filtration N* is for h < j + 1 given by
N'"HY(F;X,A(n)) == ker (H'(F; X, A(n)) = H' (Fp_1X,A(n)), and
N"HI (X, A(n)) == H},.(X,A(n)) N N"H'(F; X, A(n)).
Somewhat dually to the coniveau filtration, we have the following filtration, which is also decreasing.
Definition 5.3. Let X € V. The decreasing filtration F* is for m > j given by:
F™H'(F;X,A(n)) = im (H"(F,, X, A(n)) — H'(F; X, A(n))), and

F™H! (X, A(n)) == H (X, A(n)) N F™ H'(F; X, A(n)).

J.nr J.nr
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Note that for m > j + 1, F"HY(F; X, A(n)) = F™H!, (X, A(n)).

J.nr
Related to F'* there is another filtration that will be important for us, and which exists only for

A=27Z/0" or A= Qu/Zy. To define it, note that exactness of the direct limit functor ensures that the
Bockstein sequence in (P5) holds for F; X in place of X. In particular, there is a Bockstein map

§: HY(F; X, ui") — H™Y(F X, Zo(n)).
Definition 5.4. Let X € V. The decreasing filtration G* is for m > j given by:
a € GMH (F X, ui") <= (o) € F"H'"T™(F;X,Z(n)).
We then define
G H (X, 1) = i (G Y (X, i) — HY(F, X i),
Using the isomorphism in (P4), we finally let

G™Hj (X, Qu/Zo(n)) := lim G™Hj (X, ")

Remark 5.5. By definition, F* and N* on H: _ (X, A(n)) are induced by the corresponding filtration

Jnr

on H'(F;X, A(n)). We warn the reader that the corresponding assertion does not hold true for G*.
5.2. Consequence of the Gysin sequence.

Lemma 5.6. Let X UY €V with dim X = dimY and let A € A. Then the canonical map given by
pullback is an isomorphism:

HI(XUY, A(n)) =5 H'(X, A(n)) & H'(Y, A(n)).
Proof. Let ix (resp. iy) denote the inclusions of X (resp. Y) into X UY. By the Gysin sequence (P2),
we have an exact sequence
HY(X,A(n)) 25 HY(X UY, A(n)) 5 H'(Y, A(n)).

Functoriality of this sequence with respect to proper pushforward and pullbacks along morphisms in V
shows that iy, and ¢j, admit splittings. Hence, the above sequence is part of a short exact sequence
that splits, which proves the lemma. O

Lemma 5.7. Let X € V and A € A. Then for any n € Z and m,j > 0, the Gysin sequence in (P2)
induces a long exact sequence

o H (Fim X, A(n)) — H'(F;1 X, A(n)) =% lim H™7%(F,Z, A(n — j)) = ...,
ZCX
codim(Z)=j

where the direct limit runs through all closed reduced subschemes Z C X of codimension codim(Z) =
dim X —dim Z = j.

Proof. This follows immediately from (P2) by taking direct limits. We explain the details for convenience
of the reader. Let Z C X be closed with dim Z = dim X — j. Let further W C Z be closed of dimension
dmW =dimZ —m—1=dimX — j —m — 1. By (P2), we get an exact sequence

L — HY (X \W,A(n))— H (X \ Z,A(n)) & HF172(Z\ W, A(n — j)) = ...,

We can now consider the index set I that consists of pairs (Z, W) of closed subsets W C Z C X with
dimW =dimZ —m —1=dim X —j —m — 1. This is a directed set with respect to the preorder given
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by declaring (Z, W) < (Z',W’) if and only if Z C Z' and W C W’. Taking the direct limit over this
index set, the above long exact sequence yields the sequence

o — HY (Fjom X, A(n)) — H (F;1 X, A(n)) =% lim HT'72(F,Z, A(n — j)) = ..,
ZCX
codim(Z)=j

which is exact because the direct limit functor is exact. This proves the lemma. 0
Lemma 5.8. Let X € V and A € A. Then for any j,n € Z, (P2) induces a long exact sequence

— H'(F;X, A(n)) — H'(F; 1 X, A(n)) % @ H™'"¥ (2, A(n — j)) = H(F;X, A(n)),
zeX ()

where 1, (resp. ) is induced by the pushforward (resp. residue) map from the Gysin exact sequence
(P2).

Proof. Using additivity from Lemma 5.6, this identifies to the special case m = 0 in Lemma 5.7. g

Corollary 5.9. Let X € V. Then for any n € Z and j,m > 0, the following sequence is exact

lim  Hy (2, A(n = ) = Hjpp e (X, A(0) — Hj_y 4, (X, An)),
ZCX
codim(Z)=j

where the direct limit runs through all closed reduced subschemes Z C X of codimension codim(Z) =
dim X — dim Z = j.

Proof. The composition of the two arrows in the corollary is zero by Lemma 5.7. Conversely, assume
that a € Hi (X, A(n)) maps to zero in Hj (X, A(n)). By Lemma 5.7, a = w.£ for some
£ € H=2%(F,,Z,A(n — j)) and some Z C X of codimension j. Since « is unramified, Lemma 5.8 shows

that
(5.2) (0§ =08 =0 @ HTF PNz, Aln—j—m-1)),
reX (G+m+1)
where the first equality uses that the Gysin sequence is functorial with respect to proper pushforwards
(see (P2)), so that ¢, and 0 commute. But this implies that the class
oke P HTFP Nz, Aln—j—m—1))
reZ(m+1)
vanishes, as the above right hand side is a subgroup of the right hand side of (5.2), and ¢, identifies to

the inclusion. Hence, Lemma 5.8 implies ¢ € H29(Z, A(n — 7)), as we want. This concludes the proof

m,nr

of the corollary. a
Corollary 5.10. Let X € V and A € A. Then H'(F; X, A(n)) ~ H'(X, A(n)) for all j > [i/2].
Proof. Since H'(z, A(n)) vanishes for i < 0 by (P3), Lemma 5.8 implies

H'(F;X, A(n)) ~ H'(Fj-1.X, A(n))

for all j with j > [i/2]. This proves the corollary by induction on j, because H'(F;X,A(n)) =
Hi(X, A(n)) for j > dim(X). O

Corollary 5.11. Let X € V and A € A. Assume that there is a non-negative integer c, such that for
any X € V and x € X(j), H (z,A(n)) = 0 for i > j+c and all n. Then H'(F;X,A(n)) = 0 for all
1 >dim X + j +c and all n.
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Proof. Our assumption implies by Lemma 5.8 that H'(F; X, A(n)) ~ H'(F;j_1X, A(n)) for all j with
i > j+dimX + c. Hence, H (F; X, A(n)) ~ HY(FyX,A(n)) for all j with i > j + dim X + c¢. But
H{(FyX,A(n)) =0 for all i > dim X + ¢ by Lemma 5.6 and our assumption, because FyX is the union
of the generic points of the maximal-dimensional components of X. This proves the corollary. O

The following lemma identifies the differential d; on the FE;-page of the coniveau spectral sequence
of Bloch—Ogus [BO74, §3] with the composition 9 o ¢,.

Lemma 5.12. Let X € V and A€ A. Let w € X @1 with closure W C X and let 7: W — W be the
normalization with generic point n;, € W. Then the following diagram commutes for all integers i and
n

H'(w, A(n)) = H' (5, A(n)) —2—= B vy (@, A(n — 1))

J’T*
0oty

@xex(%l) Hi(xa A(”)) — @zex(m Hi_l(m,A(n - 1)),

where the vertical arrow on the left is the natural inclusion, the vertical arrow on the right is induced
by the proper pushforward maps from (P1), the upper horizontal arrow is induced by the residue map
in (P2) and the lower horizontal arrow is given by

B Hi(z,An) ‘= HT(F, 1 X, An+p)) = P H '(z,A(n-1)),
reX(P-1) reX (p)

where v, Tesp. O is the pushforward resp. residue map induced by (P2).

Proof. Note that W € V and hence W e V, cf. Definition 4.1. The lemma is thus a direct consequence
of the functoriality of the Gysin sequence (P2) with respect to proper pushforwards (P1), as required
in (P2). O

5.3. Torsion-freeness of the cohomology of points. In this section we fix a prime ¢ and assume
that the twisted Borel-Moore cohomology theory H*(—, A(n)) on V is ¢-adic, see Definition 4.4. It is an
observation of Bloch (see [Blol10, end of Lecture 5]) that properties (P5) and (P6) have the following
important consequence.

Lemma 5.13. Let V be a constructible category of Noetherian schemes as in Definition 4.1. Fiz a
prime £ and assume that H*(—, A(n)) is an {-adic twisted Borel-Moore cohomology theory on V as in
Definition 4.4. Then for any X € V and v € X, H'(x,Z¢(i — 1)) is torsion-free for 1 <i < 2.

Proof. Taking direct limits of abelian groups is exact, so that property (P5) implies that
H(z,Z(i — 1)) ["] = coker(H" (2, Ze(i — 1)) — H' (2, ug' ™ 1)).
This vanishes for ¢ = 1, as in this case we have by (P5) an exact sequence

HO(2,Z(0)) 25 H®(x,Z(0)) — H® (, ")

which by (P3) identifies to Z, K 7y — Z /¢ and so the last arrow is surjective.
By (P6), there is a surjection € : k(x)* —» H'(z, u5") which factors through H'(z,Z,(1)) and so the
above cokernel also vanishes for i = 2. This concludes the proof. O

Remark 5.14. The above proof shows more generally that H*Y(z,7,(i)) is torsion-free if there are
surjections (k(x)*)®" —s H'(x, u$") that factor through H'(x,Z(i)). In particular, H"* (2, Z(3)) is
torsion-free if a version of the Bloch—Kato conjecture holds in degree i in the sense that there is a map
KM(x(x)) — H(v,Z(i)) which induces isomorphisms KM (k(z))/0" ~ Hi(z,pu$"). It follows from
Voevodsky’s proof of the Bloch—-Kato conjecture [Voell] that the theories that we discuss in Proposition
6.6 and 6.9 below have this property.



REFINED UNRAMIFIED COHOMOLOGY OF SCHEMES 17

6. EXAMPLES OF BOREL-MOORE COHOMOLOGIES

In this section we discuss some examples of functors that satisfy the properties from Section 4. The
results are certainly well-known to experts and we only include them for convenience of the reader.

6.1. ¢-adic Borel-Moore pro-étale cohomology.

6.1.1. Continuous étale cohomology of Jannsen. Let X be a scheme over a field k and let Ab(Xg )Y be
the abelian category of inverse systems of abelian étale sheaves on the small étale site X of X. This
category has enough injectives (see [Jan88]) and we may consider the left exact functor

lim ol : Ab(Xg)" — Ab, (F.)— limT(X, F,).

r

Jannsen then defines the continuous étale cohomology groups

Hoi (X, (Fy)) == R'(lim D) ((F,)).
These groups are closely related to the corresponding étale cohomology groups via the following canonical
short exact sequence (see [Jan88, §1.6]):

(6.1) 0— R! lim H™ Y Xy, F,)— H

cont

(Xer, (Fr)) — lim H' (Xeg, Fr) —0,

where lim denotes the inverse limit functor over 7.

By [Jan88, (3.27)], we have the following Kummer exact sequence in Ab(Xg)N:

(6.2) 0— (per)r — (G, X0y 25 (G, id), —0,

where / is a prime invertible in k. Taking cohomology, the boundary map of the corresponding long
exact sequence yields maps

(6.3) e: H(X,G,,) — H} (X, Z,(1)) and ¢; : Pic(X)— H2,,(X,Z(1)),

where Hlpy (X, Ze(n)) = Higpy (X, (uE7),).

cont
6.1.2. Pro-étale cohomology of Bhatt and Scholze. For a scheme X we denote by Xprost the pro-étale
site of X formed by weakly étale maps of schemes U — X (with U of not too big cardinality), see [BS15,
Definition 4.1.1 and Remark 4.1.2]. Since every étale map is weakly étale, there is a natural map of
associated topoi

(6.4) v 1 Shv(Xprost) — Shv(Xey).

The pullback v* : DT (X¢) = DT (Xprost) on bounded below derived categories is fully faithful and the
adjunction id — Rv,v* is an isomorphism, see [BS15, Proposition 5.2.6]. For a sheaf F' € Ab(Xprost)
of abelian groups on Xpo4t, one defines

Hi(XproétaF) = RZ F(XproétaF)7

where R’ T denotes the i-th right derived functor of the global section functor F DX, F).
If the transition maps in the inverse system (F,) € Ab(X¢ )" are surjective, then there is a canonical
isomorphism

(6.5) Hi(Xproéta lim V*Fr) ~ H (Xéta (FT’))v
see [BS15, §5.6].
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6.1.3. Constructible complexes in the pro-étale topology. We present in this section some parts of the
six functor formalism on constructible complexes of Bhatt and Scholze in the special case of algebraic
schemes, i.e. separated schemes of finite type over a field, which suffices for our purposes. In Remark
6.3 below we add some comments on the more general setting from [BS15].

Let X be an algebraic scheme over a field k£ and recall v from (6.4). For a prime ¢ invertible in k, let

(6.6) Zo(n) :=1lim v* u&" € Ab(Xproct)

and write Zg = 25(0). Note that Z[ is a sheaf of rings on Xprest and Z(n) are Zg—modules, which
are in fact locally free (e.g. they are free on the pro-étale covering X — X). We may then consider
the derived category D(Xprocs, 25) of the abelian category Mod(Xroét, 24) of sheaves of ig—modules on
Xproet- A complex K € D(Xprosts Zg) is constructible, if it is complete, i.e. K = Rlim(K ®HZ Z/0"), and
K ®HZ Z)I" ~ v* K, for a constructible complex K, € D(Xg,Z/("), see [BS15, Definition 6.5.1]. The

full subcategory spanned by constructible complexes is denoted by Deons(Xproct, Ze) C D(Xproét,ZE).
Constructible complexes are bounded, see [BS15, Lemma 6.5.3].

For a morphism f : X — Y of algebraic schemes, R f, respects constructibility and is right adjoint
t0 fromp Dcons(Yproét,ig) — Dcons(Xproét,zg), which is given by pullback followed by (derived)
completion, see [BS15, Lemma 6.7.2]. There is also a functor R fi : Deons(Xprost Z) — Deons(Yprosts Zg)
(see [BS15, Definition 6.7.6]) with a right adjoint f : DconS(Yproét,z,e) — Deons(Xprost Zg), see [BS15,
Lemma 6.7.19]. If f is proper, R fi = R f. (by definition).

To explain the construction of f' in [BS15], note that the pullback

(67) v* Dcons (Xéta Z/Er) i) Dcons (Xproét7 Z/gr)

is an equivalence (see paragraph after [BS15, Definition 6.5.1]). Using this, we will freely identify
complexes on the two sides with each other. For instance, we will freely identify ,ugei” on Yg with its
pullback u*,uffi” t0 Yproet.- Let now K € Dwns(YprOét,zg) with truncation K, = K ®HZJZ Z/¢" and let
It Deons(Ye, Z/07) — Deons(Xest, Z/E7) be the exceptional pullback on the étale site, induced by f,
cf. [SGA4.3, Exposé XVIII|. Since any constructible complex of sheaves of Z/¢"-modules on Xproe; is
also a constructible complex of ig—modules on Xprost, we may by (6.7) identify fLK, with an object in
Dcons(Xpmét,zg). By [BS15, Lemma 6.7.18], the natural reduction maps K, — K,, for m < r make
(f1K,) into a projective system and so, following Bhatt-Scholze (see [BS15, Lemma 6.7.19]), one may
define

(6.8) f'K = Rlim LK, € Deons(Xproet: Zo)-

The above construction implies that many properties known from the étale site carry over to the pro-étale
site.

Lemma 6.1. Let f : X — Y be a morphism between algebraic schemes over a field k and let £ be a
prime invertible in k. Then the following holds in Deons(Xproet, Ze):

* ~ f*.

(1) If f is weakly étale or a closed immersion, then fi,.., >~ f*;

(2) If f is étale, then f' ~ f* ~ comp?
(3) If g : Y — Z is another morphism, then there is a natural isomorphism of functors f!gI =

(go f)

(4) If [ is smooth of pure relative dimension d, then there is a canonical isomorphism of functors
comp(A)[2d] == ', where f3,,., (1) = feomp(— @3, Ze(n)).
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(5) Let f be smooth of pure relative dimension d. Then for any étale map j: U — X, the diagram

~

(f Oj)Zomp(d)pd] - (ij)'

T T

omp(D)[2d] — Geompf' = J'f

53k
jcomp comp

commutes, where the horizontal maps are induced by the canonical isomorphisms from item (4)

and the vertical arrows are induced by the canonical maps given by functoriality of f7,.,, and
f

Proof. Ttem (1) follows from [BS15, Remark 6.5.10]. Item (2) follows from this together with the fact
that for any K € Dcons(Yprocet, Ze),

* K = Rlim f'K, = Rlim 'K, = f'K

comp
because f. = f7 since f is étale, see [SGA4.3, XVIII, Proposition 3.1.8(iii)].

Let K € Deons(Zprost, Z¢) with truncations K, = K ®1£2‘[ Z/0" € Deons(Yer,Z/€™). By (6.7) and the
construction of f' from (6.8), there is a natural map 4

f'¢'K = Rlim f;(Rlim g, K,) = Rlim(f} 0 g, (K,)) = Rlim((g, o f,)'K;) = (g0 f)'K

induced by the natural isomorphism f. o g. = (g, o f,)!, given by adjunction and R(g,)iR(f,)1 =
R(g o fr)1. This proves (3).

Let K € Decons(Yprost, Z¢) with truncations K, = K ®% Z2]0" € Deons(Yer, Z/07). Assume that

13

f is smooth of pure relative dimension d. By Poincaré duality on the étale site, there are canonical

identifications f. = f(d)[2d], see [SGA4.3, XVIII, Théoreme 3.2.5] (cf. [Ver67, §4.4]). We thus get a
canonical isomorphism

FrompK (d)[2d] = Rlim f; K, (d)[2d] = Rlim f, K, = f'K.

This holds functorially in K and so we get an isomorphism f7,,,,,,(d)[2d] S f', which proves (4).

By item (2), j%m, =~ J "and so the commutativity of the diagram in item (5) follows from the fact that
the isomorphism in (4) is compatible with respect to compositions of smooth maps. The latter follows
by construction of f' from the analogous result for constructible complexes on the étale site and hence

from [SGA4.3, XVIII, diagram above Théoreme 3.2.5]. This concludes the proof of the lemma. O

Let f : X — Y be a morphism between algebraic k-schemes. By adjunction, there are natural
transformations

(6.9) Trp:RAf —id and Of :id — R fifl,,
between functors on Dons(Yproet, Zg) For K € Deons(Yprosts Z(), the above maps are defined by asking
(see [BS15, Lemmas 6.7.2 and 6.7.19]) that the following diagrams commute:

Try

(6.10) K R fufrompK RfAfK K

J Rlim(6y,.) l l R1lim(Try,. J’

Rlim K, — ) Rlim(R f,. f7K,),  REmR fuf K, L, Rlim(K,),

O

where K, = K®HZ‘ Z/0" € Deons(Yer, Z/LT), f.2, fre denote the corresponding functors on Dops(Yer, Z/€7)
13

(resp. Deons(Xeat, Z/€7)) induced by f, and where as before we identify K, with v* K., using the equiv-

alence (6.7).
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For K € Dcons(Yprosts 24), 0+ induces pullback maps

(6.11) £ RT (Yorost, K) — R T (Xproct, FrrpmpK)-
If f is proper, then R fi = R f, and so Tr; induces a pushforward map
(6.12) fe t RIT (X prosts 1K) — RET (Yoroct, K).

Lemma 6.2. Let K € DCO,,LS(Ypmét,ig) with truncations K, = K ®HZ‘ Z/0" € Deons(Yer, Z/0"). Then
14

for any morphism f : X — Y between algebraic k-schemes, the following diagram commutes with exact

rows:

0—— R'Em R I(Xg, £ Kr) —— R T (Xprocts fiompK) —— ImR' T(X g, £ K,) — 0

R! lim(f;‘)T f*T hm(f:ﬁ

0 —— R'Iim R 'Yy, K,) ——— R T (Yproet; K) ————— lim R T'(Y;, K,.) —— 0.
If f is proper, then the following commutes with exact rows as well:

0 —— R'Im R T'( Xy, fLK,) —— R T(Xproet, f'K) —— limR T (X, fLK,) —— 0

JRI lm((fr)x) lf* llim((m*)

0 —— R'MimR ™' T (Y, K,.) ——— R T (Yproet, K) ——— lim R T'(Yyy, K,.) —— 0.

Proof. The horizontal lines are parts of short exact sequences given by the composed functor spectral
sequence of RlimoRT', where we note that R lim has cohomological dimension < 1 on abelian groups.
The lemma follows thus immediately from the commutative diagrams in (6.10). O

Remark 6.3. Bhatt-Scholze’s six functor formalism on constructible complexes of Zg—shecwes on the
pro-étale site works more generally for quasi-excellent quasi-compact quasi-separated schemes over Z[1 /)]
and separated finitely presented maps between them, see [BS15, §6.7]. Lemmas 6.1 and 6.2 remain true
in this set-up (with the same proofs).

Remark 6.4. Related to Bhatt-Scholze’s pro-étale theory [BS15], there is Ekedahl’s £-adic formalism
[Eke90], which leads to a siz functor formalism (see [Eke90, Theorem 6.3]) that is closer in spirit to
Jannsen’s continuous étale cohomology groups. We prefer to use Bhatt—=Scholze’s theory, as it allows to
work with actual sheaves on a site, while Ekedahl’s formalism as well as Jannsen’s theory involve inverse
systems of sheaves. The resulting triangulated categories agree under suitable finiteness assumptions,
see [BS15, §5.5].

6.1.4. Properties (P1)-(P6), (P7.1), and (P7.2). Let k be a field and let £ be a prime that is invertible
in k. Let V be the category whose objects are separated schemes of finite type over k and where the
morphisms are open immersions of schemes of the same dimension. For X € V of dimension d with
structure morphism wx : X — Speck, we define

(6.13) HY(X, 5S™) = R T (X prost, T p2" ™) € Modg,
(6.14) H'(X,Zo(n)) := R T (X proet, T Ze(n — d)) € Mody,,
(6.15) HY(X,Q¢/Z¢(n)) := limy H' (X, pg"), and H'(X,Qu(n)) := H'(X, Z(n)) ®z, Qr,

where Zg(n) denotes the sheaf on Xprost defined in (6.6). By item (2) in Lemma 6.1 and (6.11), the
cohomology groups in (6.13)—(6.15) are contravariantly functorial with respect to morphisms in V (in
fact with respect to arbitrary étale maps U — X with dim U = dim X).
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Lemma 6.5. Assume that X € V is equi-dimensional and smooth over k. Then there are canonical
isomorphisms

Hi(Xﬂ ,u'%n) = RZ F(Xpmétaﬂzein) ~ H. (Xéta (u%ﬂl,id)s) = Hi(Xéthu%n)v

cont

and
HY (X, Zg(n)) ~ R T(Xproct, Ze(n)) =~ Hippy (X, (151,

which are compatible with respect to pullbacks along open immersions.

Proof. Since 7 : X — Speck is smooth of pure dimension d, there is a canonical isomorphism (7 x )7, (d)[2d] =
7, see item (4) in Lemma 6.1. This isomorphism is compatible with respect to pullbacks along open
immersions by item (5) in Lemma 6.1. This yields the first isomorphism in each row of the lemma. The
comparison to continuous étale cohomology follows from (6.5) and that to étale cohomology for finite
coefficients from (6.1), because R lim" vanishes on constant inductive systems. This concludes the proof
of the lemma. O

The main result of this section is the following.

Proposition 6.6. Let k be a field and let £ be a prime that is invertible in k. Let A C Modz, be
the full subcategory of Z¢-modules containing Zg, Q, Q¢/Ze, and Z/0" for oll r > 1. Let V be the
category of separated schemes of finite type over k with morphisms given by open immersions U — X
with dimU = dim X. Let the cohomology functor (4.1) be given by (6.13)-(6.15). Then (P1)-(P5)
from Definitions 4.2 and 4.4 hold true. If k is perfect, then (P6) holds true as well. Moreover,

e property (P7.1) holds if k is algebraically closed;
e property (P7.2) holds if k is the perfect closure of a finitely generated field.

In the terminology of Definitions 4.2, 4.4, and 4.5, the above proposition says that H*(—, A(n)) is a
twisted Borel-Moore cohomology theory on V that is f-adic if k is perfect and it is adapted to algebraic
equivalence if k is algebraically closed, while it is adapted to rational equivalence, if k is the perfect
closure of a finitely generated field.

Proof of Proposition 6.6. Item (P4) is clear (by definition). Since the direct limit functor as well as
®z,Qp is exact, it suffices to prove the remaining properties for A = Z/¢" and A = 7Z,.

Step 1. Item (P1).

Let X, Y € V and let f: X — Y be a proper morphism of schemes with ¢ = dimY — dim X. The
existence of the pushforward f, : H=2¢(X, A(n — ¢)) — H'(Y, A(n)) follows from (6.12) and item (3)
in Lemma 6.1. Functoriality in f (i.e. (f 0 )« = f«g«) follows from the functoriality of the trace map
(which by (6.9) may either be deduced from the corresponding statement on the étale site, or directly
from item (3) in Lemma 6.1). Compatibility of f, with pullbacks along open immersions may by Lemma
6.2 be checked in the case where A = Z/{" on the étale site of X, which is well-known (and holds in fact
for arbitrary étale maps in place of open immersions), see [BO74, (1.2.2) and §2.1]. This proves (P1).

Step 2. Item (P2).

Let X € V and let ¢ : Z — X be a closed immersion with complement j : U — X. Let ¢ =
dim X — dim Z. By [BS15, Lemma 6.1.16], there is an exact triangle

P I b ! 0, Lk !
Rivd'ny —% 7y —5 R]*JCOWDWX7

where we used j* ~ j* . (see Lemma 6.1). By Lemma 6.1, jZ,,,, ~ j', 7} S i'rly and 7, = Jomp™x-
Hence, the above triangle identifies to an exact triangle

Ri*w!z *V]TIX — Rj*’/T!U.
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Applying RT'(Xpr06t, —), the corresponding long exact sequence yields the Gysin sequence claimed in
(P2). The map ¢y in the Gysin sequence from item (P2) coincides by construction with the proper
pushforward with respect to the inclusion Z < X. Functoriality with respect to open immersions
follows by Lemma 6.2 from the case A = Z/{¢" on the étale site which is well-known (and holds in fact
for arbitrary étale maps), see e.g. [BOT4, (1.1.2), Lemma 1.4, and (2.1)]. Similarly, functoriality with
respect to proper pushforwards follows by Lemma 6.2 from the case of finite coefficients A = Z/¢" on
the étale site, which is well-known, see e.g. [BO74, (1.2.4) and (2.1)]. This proves (P2).

Step 3. Item (P3).

By the topological invariance of the pro-étale topos (see [BS15, Lemma 5.4.2]), we may replace X be
the base change to the perfect closure kP¢" of k, and x by the unique point in Xgrer that lies over it via
the natural map Xgrer — X (where we use that the latter is a universal homeomorphism). After this
reduction step, we may assume that k is perfect.

Note that H'(z, A(n)) in (4.2) is defined as a direct limit where it suffices to run only through the
cohomology of regular (hence smooth, since k is perfect) schemes, so that the vanishing H?(z, A(n)) = 0
for i < 0 as well as the canonical isomorphism H(z, A(0)) ~ A which is functorial in A follows from
Lemma 6.5. The fundamental class [z] € H°(x,Z¢(0)) corresponds via the canonical isomorphism
HO(z,74(0)) ~ Z¢ to 1 € Zy. More precisely, let U C @ be dense and smooth over k. By Lemma 6.5,
the canonical isomorphism in item (4) of Lemma 6.1 induces a canonical isomorphism

HO(U, Z4(0)) ~ H*(Uprost, Ze(0))

which is compatible with respect to restrictions to open subsets. The class of H°(U, Z;(0)) induced by
the unit section of the pro-étale sheaf Z,(0) yields a canonical fundamental class [U] € HO(U, Z(0))
with H°(U, Z(0)) = [U]Z. This class is compatible with respect to restrictions to open subsets (see
item (5) in Lemma 6.1), hence induces a canonical class [z] € H%(z,Z,(0)) in the limit. This proves
(P3).

Step 4. Item (P5).

There is a canonical short exact sequence
0—Zo(n) 25 Zy(n) — p&"—0
of sheaves on (Speck)prost. Applying 7T!X, we arrive at the exact triangle
(6.16) W!)(Zg(n) b, W!)(Zg(n)HWIX,u?i".

The Bockstein sequence in (P5) is (up to some shifts) the long exact sequence associated to this triangle
after applying RT'(Xprost, —). Functoriality of the exceptional pullback 7r!X shows that the Bockstein
sequence is functorial with respect to pullbacks along morphisms in V and with respect to proper
pushforwards from (P1). This proves (P5).

Step 5. Item (P6) for k perfect.

Let X € V and let x € XM, In the direct limit (4.2) that defines H'(x, A(n)), we may restrict
ourselves to regular (hence smooth, as k is perfect) dense open subsets V,, C {z}, so that Lemma 6.5
identifies H*(V,;, A(n)) canonically with continuous étale cohomology. The map € : r(z)* — H*(x,Z,(1))
is then induced by the Kummer sequence in continuous étale cohomology, see (6.3). Surjectivity of
the reduction € : x(z)* — H'(x,ue) follows from the Kummer sequence in étale cohomology and
Grothendieck’s Hilbert theorem 90, which implies that

lim  H4(U,Gp)~ lim  Pic(U) =0.
FoXCUCX FoXCcUCX
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Let X € V be integral of dimension d with generic point 7 and let z € X() be a regular point with
closure i : D < X. We claim that the composition 9o € : k(n)* — H°(x,Z(0)) = [2]Z, satisfies

0o e(f) = [x}(*’/m(f))v

where v, denotes the valuation on x(7) induced by z. It suffices to check this after reduction modulo
" for r > 1. Tt follows from [SGA41, p. 147, (cycle), Lemme 2.3.6] that the fundamental class [2] €

HO(z, 5% that we defined above via Poincaré duality (i.e. via item (4) in Lemma 6.1) is induced by
the cycle class

clyr (D) € H(Xet, por) = H*(Degyinpuer) =~ H*724( Dy, mpudt =)

from [SGALL%7 p. 138, (cycle), Définition 2.1.2]. The claim in question follows therefore from the anti-
commutativity of the diagram in [SGA41, p. 138, (cycle), (2.1.3)]. This concludes the proof of (P6).

By Lemma 5.8 and Corollary 5.10 (which apply because we have proven (P1)—(P6) already), the
proper pushforward map from (P1) together with H°(x,Z,(0)) = [2]Z, from (P3) yields for any X € V
a canonical map

bt P [B)Ze— H?(FLX, Z0(1)) ~ H*(X, Z(1)),
zeX @)

as claimed in (4.3). If X is a smooth variety, then there is a canonical isomorphism H?(X,Z,(1)) ~
H?, ,(X,Z4(1)) (see Lemma 6.5) and so we may compare ¢, to the first Chern class map c¢; from (6.3),
as follows.

Lemma 6.7. Let k be a field and let X be a smooth k-variety. For any Weil divisor D € @, ¢ xo) [7]Z,
we have

(1) 1x:D = c1(Ox (D)), where v, is the cycle class map from (4.3) and ¢y is from (6.3).
(2) c1(Ox(D)) = 0 if and only if Ox(D) € Pic(X) is contained in the subgroup of ¢-divisible
elements of Pic(X).

Proof. The first assertion is [Jan88, Lemma 3.26]. For the second assertion, note that the Kummer
sequence (6.2) yields an exact sequence

H' (Xét, (G, x0)r) — Pic(X) = Hepp (X, Zy(1)).

Functoriality of the extension in (6.1) shows that the image of the first map above is given by subgroup
of ¢-divisible elements of Pic(X) (cf. [Jan88, Remark 6.15]), which concludes the proof of the lemma. O

Step 6. Item (P7.1) for k algebraically closed.

Let us now assume that k is algebraically closed and let X be a regular (hence smooth, as k = k)
variety over k. Note that (P7.1) is well-known in the case where X is smooth projective, and we will
deduce the general case from this statement in what follows. We denote by NS(X) = Pic(X)/ ~aig
the group of divisors modulo algebraic equivalence on X. Since k is algebraically closed, the subgroup
of algebraically trivial divisors in Pic(X) is ¢-divisible. By Lemma 6.7, the first Chern class map from
(6.3) descends to a map ¢; : NS(X) ® Zy — H?(X,Z(1)) and, again by Lemma 6.7, it suffices to show
that this is injective. Let X be a projective normal compactification of X and let 7 : X' — X be an
alteration (i.e. a projective generically finite morphism with regular source) of degree prime to ¢, which

exists by [ILO14, Exposé X, Théoréme 2.1]. Since k is algebraically closed, X' is smooth. Putting
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X' :=771(X), we get a commutative diagram

NS(X) @ Zy ——=—— HX(X, Z4(1))

lrestr. lrestr.

NS(X') ® Zg ———— H2(X', Z(1))

l(TX/)* J{(”'X’)*

NS(X) ® Zy ———— H2(X, Zy(1)).

We claim that it suffices to show that the horizontal arrow in the middle is injective. To see this, let
a € NS(X) ® Zy. Then ¢1(t*a) = 7*c¢1(a) and so injectivity of the horizontal arrow in the middle
implies ¢;(«) # 0 unless 7*a = 0 which in turn implies 7,7*a = deg7 - a = 0 and so o = 0 since deg T
is coprime to £.

By the localization sequence, the kernel of NS(Y/) ® Zy — NS(X') ® Z; is generated by classes of
divisors supported on X \ X. Similarly, the Gysin sequence (see (P2)) shows that the kernel of the
restriction map H? (Y’, Z¢(1)) — H*(X',Z¢(1)) is generated by the cycle classes of these divisors. Since
the first horizontal map in the above diagram is injective by [Mil80, p. 216, V.3.28], while the restriction
map NS(Y/) — NS(X') is surjective (see [Ful98, Proposition 1.8]), this shows that the horizontal arrow
in the middle of the above diagram is injective, as we want. This proves (P7.1).

Step 7. Item (P7.2) for k the perfect closure of a finitely generated field.

We will use the following well-known lemma.

Lemma 6.8. Let X be a separated scheme of finite type over a field k of characteristic p > 0 and let
E/k be a purely inseparable extension. Then the flat pullback map CH'(X)[1/p] — CH'(Xg)[1/p] is an
isomorphism.

Proof. The argument is well-known; we recall it for convenience. By a standard limit argument, it
suffices to treat the case where F/k is a finite extension of degree p® for some s. Let f : Xp — X
be the canonical map. Then f, o f* = p®-id and so f* is injective after inverting p. Since f is a
universal homeomorphism, we have that for any subvariety Z C Xg: f*f.[Z] = m[Z] for some m > 1
and f, o f* = p°® -id implies that m must be a p-power. Hence, f* is surjective after inverting p, as we
want. g

Let now k be the perfect closure of a finitely generated field ky C k, and let X be a regular (hence
smooth) variety over k. By Lemma 6.7, it suffices to show that the map

(6.17) c1 ® Zy : Pic(X) @z Zy— H*(X,Z4(1))

induced by ¢; from (6.3) is injective, where we note that the right hand side identifies to continuous
étale cohomology by Lemma 6.5. Using the existence of prime to ¢ alterations, the same argument as
in Step 6 reduces us to the case where X is smooth projective over k. At this point the argument is
similar to [Jan88, Remark 6.15].

Since X is defined over some finitely generated field, we may assume (up to enlarging ko) that
X = Xy xy, k for some smooth kq-variety Xj.

Assume for the moment that X is geometrically integral. By Grothendieck’s theorem, the Picard
functor on Xy is then represented by the Picard scheme Picx, /i, see e.g. [KI05, Theorem 9.4.8]. In
particular, Pic(Xj) is given by the group of kg-rational points of Picx, ;. The quotient of Picx, /i by
the identity component is always a finitely generated group scheme (the Néron-Severi group). Moreover,
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the identity component is an abelian variety over kg and since kg is finitely generated, its group of k-
rational points is finitely generated by Néron’s Mordell-Weil theorem [Nér52]. It follows that Pic(Xy)
is a finitely generated abelian group.

In general, X will split into a finite union of geometrically integral smooth projective varieties after a
finite extension of the base field. The above argument together with a pull and push argument then shows
that in general, Pic(X() contains an n-torsion subgroup T for some n > 1 such that @ := Pic(Xy)/T is
a finitely generated abelian group. We consider the short exact sequence 0 — T' — Pic(Xp) — @ — 0.
Since (@ is finitely generated and T is n-torsion, this sequence remains exact if we apply either the ¢-adic
completion functor or ®z7Z,. Comparing the two resulting short exact sequences, we find that

(6.18) lim(Pic(Xo)/¢") =5 Pic(Xo) @z Z.

The usual Kummer sequence on the étale site yields compatible injections Pic(Xo)/¢" < H?(Xo, u'),
i.e. an injection of projective systems. Applying the inverse limit functor, this yields by (6.18) an in-
jection Pic(Xo) ®z Z¢ < lim H?(Xo, u5). By (6.1) and the construction of ¢; in (6.3), this injection
factors through

1 ® Zy : Pic(Xo) ®z Ze— H*(Xo, Ze(1))

and so the latter must be injective as well. It follows that (6.17) is injective, because ¢; is functorial with
respect to pullbacks, and the canonical pullback maps yield isomorphisms Pic(Xy) ®zZ¢ ~ Pic(X) ®zZ
(see Lemma 6.8) and H?(Xo,Z¢(1)) ~ H?(X,Z¢(1)) (see [BS15, Lemma 5.4.2]), since k/kq is purely
inseparable by assumption. This concludes the proof of (P7.2) and hence finishes the proof of the
proposition. O

6.2. Borel-Moore cohomology of complex analytic spaces. If X is a complex algebraic scheme
with underlying analytic space X,, and A is an abelian group, then one may (and we will) define its
Borel-Moore homology HPM (X,,, A) analogous to singular homology with values in A, but with locally
finite chains instead of finite ones, see [Bre97, Theorem V.12.14 and Corollary V.12.21]. An alternative
sheaf theoretic definition of the same group can be found in [BM60], [Bre97, Chapter V]; a definition in
terms of relative singular cohomology is given in [Ful98, Example 19.1.1] and the references therein. If
X is smooth and equi-dimensional of dimension dx, then HZ»BM (Xan, A) ~ Hfidn);_i(Xan, A) by Poincaré
duality, see [Bre97, Chapter V, Section 9].

Proposition 6.9. Let V be the category whose objects are separated schemes of finite type over C

and whose morphisms are given by open immersions of schemes of the same dimension. Let further
A =Mody and put A(n) := A ®yz, (278)"Z for all A € A and n € Z. Let then

HY (X, A(n)) == HZM_(Xan, A(dx —n)),

dx —1
where the right hand side denotes Borel-Moore homology of the underlying analytic space, and where

dx = dimX. Then H*(—,A(n)) defines an integral twisted Borel-Moore cohomology theory that is
adapted to algebraic equivalence, see Definition 4.6.

Proof. Property (P1’) follows from covariant functoriality of Borel-Moore homology with respect to
proper maps, and item (P2’) is a consequence of the long exact sequence of pairs in Borel-Moore homol-
ogy, see e.g. [Ful98, §19.1] and the references therein. If X is smooth and integral, then H'(X, A(n)) ~

Hlipy(Xan, A(n)). In particular, H(X, A(0)) ~ A and there is a canonical class
[X] € H.gznq(XarUZ(O)) = Z’

which corresponds to 1 € Z. This proves (P3’), as in the direct limit (4.2), it suffices to run through
smooth integral varieties V,, C {z}.
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It remains to prove that (P4’)—(P6’) and (P7.1’) hold, where we recall that these properties are
formally deduced from (P4)-(P6) and (P7.1) by the replacement of symbols Zy ~ Z, Q¢ ~» Q, and
0~

Item (P4’) is clear and item (P5’) follows from the long exact sequence associated to the coefficient
sequence 0 — Z(1) =¥ Z(1) — Z/r(1) — 0; functoriality of the Bockstein sequence with respect to
pullbacks and pushforwards in Borel-Moore (co-)homology are well-known and left to the reader.

For property (P6’), note that in the direct limit (4.2) it suffices to run through regular (Zariski) open
subsets V := V,, of the closure of x in X. In this case, H(V, A(n)) identifies to singular cohomology
and so the exponential sequence yields a map H°(Van, Oy, ) — H'(V,Z(1)). Taking direct limits, and
using that algebraic functions are holomorphic, we get a map € : x(z)* — H*(x,Z(1)). For any positive
integer r, this induces by reduction modulo r a map

e:r(z)" — HY (z,Z/r(1))

and we need to prove that this is surjective.
Consider the following commutative diagram of sheaves on V,, (cf. [CTV12, §3.1]):

0 Z(1) Oy,, — 05, 0
M G I
0 o oy, oy, 0.

The rows in the above diagram are exact and we get a boundary map 3 : H(Vay, oy )—H VAN
Taking the direct limit over all (Zariski) open dense V' C @ and restricting 8 to algebraic functions,
we get a map 3 : k(z)* — H'(z,p,). Commutativity of the above diagram shows that 3 identifies to
€ under the isomorphism Z/r(1) = i, 1 ® (27i)— e . It thus suffices to show that f is surjective.
This follows by comparing the sequence above with the Kummer sequence 0 — p, = G,, = G, = 0
on the étale site Vi and using that H'(Viy, p) =~ H*(Vey, i) (see e.g. [Mil80, p. 117, I11.3.12]) and

lim  H(Vit,Gp) = 0,
0#£V C{z}
because H'(Vi, G,) =~ Pic(V) by Grothendieck’s Hilbert 90 theorem. We have thus shown that € is

surjective. Finally, let X € V integral with generic point 7 and a regular point z € X(*). We claim that
the natural composition

r(n)" == H'(n,2(1)) % H(2,2(0)) = [4]Z,

where 0 is induced by (P2’), maps f to [z](—v.(f)), where v, denotes the valuation on x(n) induced by
x. It suffices to check this modulo an arbitrary prime power, which, thanks to the comparison between
étale cohomology and singular cohomology with finite coefficients (see [Mil80, p. 117, I11.3.12]), follows
from Step 5 in the proof of Proposition 6.6. This concludes the proof of (P6’).

Finally, property (P7.1’) is well-known in the case where X is smooth projective and follows for
arbitrary smooth X by choosing a smooth compactification (using resolution of singularities) by a similar
argument as in Step 6 of the proof of Proposition 6.6. This concludes the proof of the proposition. O

7. COMPARISON THEOREMS TO ALGEBRAIC CYCLES

In this section, we fix a prime ¢ and an f-adic twisted Borel-Moore cohomology theory H*(—, A(n))
on a constructible category of Noetherian schemes V with coefficients in a full subcategory A C Mody,,
see Definition 4.4. In particular, (P1)-(P6) hold true. The main result is that this set-up allows to
compute several cycle groups efficiently.
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7.1. f-adic Chow groups. We use the notation CH'(X)z, := CH (X) ®7 Z,.
Lemma 7.1. For any X €V, there is a canonical isomorphism
Boecxo[2]Ze
im (@B,exe-n £@) €22 5 Bpexin H (2. Ze1)) 25 B, exo2]Ze)

where € is induced by the map from (P6), and where 0 o v, denotes the composition

P H'(z.2(1) 4 H* N FX,2,(0) -5 P HO(2,200) = P [2]Ze,
zeX (-1 zeX (@) zeX @)

where 1. and 0 are induced by (P2) and the last equality uses (P3).

CHi (X)Zz =

Proof. We recall our convention that for a Noetherian scheme X, X ) denotes the set of points z € X
of dimension dim({z}) = dim(X) — j. In particular, CH'(X)z, is the quotient of @, v [z]Z by
the Z,-submodule generated by cycles that are given by the pushforward of a principal divisor on the
normalization of some subvariety W C X with dimW = dim X — ¢ + 1. The lemma follows therefore
directly from Lemma 5.12 and the second part of (P6). This concludes the proof. O

In view of Lemma 7.1, it is natural to make the following definition.
Definition 7.2. For X €V, we define
D.exo[2]Ze .
im (@D, exen H'@,2e(1) 2% @,exo [0)Z¢)
By Lemma 7.1, there is a canonical surjection

CH'(X)z, —» AY(X)z,.

AZ(X)Z =

7

We compute the kernel of this surjection in Lemma 7.4 below.

7.2. Cycle class maps and coniveau filtration. By Corollary 5.10, H? (X, Z(i)) ~ H*(F; X, Z(i)).
The Gysin sequence from Lemma 5.8 yields therefore a map

bt P [2)Ze— H¥ (X, Z4(i)),
zeX®

which is zero on the image of 9 : @, ¢ yi—1) H (2, Z¢(1)) = @B, x i [#]Z¢. It thus follows from Lemma
7.1 and Definition 7.2 that there is a well-defined cycle class map

(7.1) cll : CHY(X)z, — H*(X, Z4(i))
which factors through the canonical surjection CH'(X)z, —» A*(X)z,. We then define
CH}(X)z, := ker(cl).

Since the category V is constructible, Z € V for any closed subscheme Z C X. Using this, we can
define the coniveau filtration N* on CH'(X)z, as follows.

Definition 7.3. A class z € CHi(X)ZZ has coniveau j, i.e. z € NI CHi(X)Zz, if and only if it is
homologically trivial on a closed subscheme of codimension j. More precisely, z € N7 (]Hi(X)Z,Z if and
only if there is a closed subscheme v : Z — X with j = dim X — dim Z and a cycle 2’ € CHé_j(Z)ZZ
with 2z = 1,2 € CH(X)z,.
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For the case when X is not equi-dimensional, we recall from Section 2 that X() := X (d—i) and so
CH(X)z, is the group of f-adic cycles of dimension d — i, where d = dim X.
The coniveau filtration N* on CH'(X)z, is of the following form
Ni=0c N"'cN=2c...c N' ¢ N = CH{(X)z, C CH (X)g,.
This definition is related to the groups A%(X)z, from Definition 7.2, as follows.
Lemma 7.4. Let X € V. Then A (X)z, = CH(X)z, /N~ CH (X)z,.

Proof. We need to show that a codimension i-cycle on X has coniveau i —1 if and only if it is represented
by a cycle in

(7.2) im| P H'(.2Z(1) s P )z

reX(i-1) e X ()

For Z € V the Gysin sequence (P2) yields a residue map

0: H'(Fy2,2,(1)) — P [21Zs.
2€2Z1)

The compatibility of the Gysin sequence with proper pushforwards yields a commutative diagram

HY (Fo 2", Ze(1)) —— D¢ (greayn [2]Z¢

| I

HYFoZ,Z4(1)) ——— D.cz0 [2)Zs

where Z'd denotes the reduced scheme that underlies Z. If Z C X is closed so that U = X \ Z satisfies
dimU = dim X, then the comparison of the Gysin sequences for the pairs (X, Z) and (X, Z"4) shows
by the five lemma that the pushforward map H(Z*4, A(n)) — H*(Z, A(n)) is an isomorphism. This
argument remains valid if we replace Z by some dense open subset Z° C Z and X by X \ (Z\ Z°). It
follows that in the above diagram the vertical arrow on the left is an isomorphism for all Z C X closed
with dim(X \ Z) = dim X. The image in (7.2) therefore agrees with

im | @ H'(FoZ Ze(1)) =% @B 212 |,
ZcX reX(®

where Z C X runs through all closed subschemes Z C X withi —1=dimX —dimZ and ¢: Z — X
denotes the inclusion.

Let us now fix a subscheme Z C X with i — 1 = dim X — dim Z. Since the Gysin sequence (P2) is
functorial with respect to proper pushforwards, we get from Lemma 5.8 a commutative diagram

1

HY(FoZ,Z0(1)) — 2 @,y [£]Z0 —2 H2(Z,Z4(1))

HAYF, 1 X, Zi(0) — @ o [2]Ze —— HY (X, Z4(3),

with exact rows. Exactness of the first row shows that the f-adic cycles that are homologically trivial
on Z are exactly those in the image of 0 in the left upper corner. This description together with the
commutativity of the square on the left implies the lemma. O
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By the above lemma, A*(X);, = CH (X)z,/N*~'CH(X)z,. The following lemma computes this
quotient (and hence N*~' CH'(X)z,) in the cases where (P7.1) and (P7.2) hold, respectively; the
result is essentially due to Jannsen, see [Jan00, Lemmas 5.7 and 5.8] where it is proven ®Qy.

Before we state the next result, we refer the reader to [Ful98, §10.3] for the definition of algebraic
equivalence of algebraic cycles.

Lemma 7.5. For X €V, the following holds:
(1) If (P7.1) holds, then
Nt CHi(X)Z[ = CHi(X)alg Rz Zy and Ai(X)Z( = (CHZ(X)/ Nalg) Rz L.
(2) If (P7.2) holds, then N*—' CH'(X)z, = 0 and A*(X)z, = CH (X) ®7 Zi.
Proof. We aim to describe the image of
P H'(z,21) 4 BN (F1X,Z(1) -5 P [2]Ze.
zeXx (-1 zEX®
By Lemma 5.12, the image is generated by the images of the maps
HY (FRW, Z(1) 2 B Wiz == P [2]Z,
we(W’)m) reX ()

where W C X runs through all closed subvarieties of codimension dim X —dim W =i—land7: W/ — W
denotes the normalization. By Lemma 5.8, the image of 0 above is given by the kernel of

(7.3) b P WZe— HX (W', Ze(1)) ~ HA(W', Z(1)),
we(W’)m

where the last isomorphism is due to Corollary 5.10. Since W' is normal, it is regular in codimension
one and so we may in (7.3) up to shrinking W’ assume that W’ is regular. The kernel of (7.3) then
coincides with the Z,-module spanned by algebraically trivial divisors on W’ if (P7.1) holds, and it
coincides with the Zy-module spanned by principal divisors if (P7.2) holds. This description proves the
lemma. |

7.3. The cokernel of the cycle class map.
Definition 7.6. For X € V, we define

Z(X)z, = coker (cly : CH'(X)z, — H* (X, Z(4)))
and ZH(X)["] := ZH(X)z,[l"], where the cycle class map cl is from (7.1).

The following result generalizes Colliot-Thélene—Voisin’s computation of the failure of the integral
Hodge conjecture for codimension two cycles on smooth complex projective varieties from [CTV12]. The
argument follows the same lines as in Section 3 above.

Theorem 7.7. For any X €V, there are canonical isomorphisms:

(7.4) ZN(X)0) = HP (X ) [H S 0 (X Za(2)),
(7.5) ZH X)) = HY 0 (X, Qo Za(0)) /HP (X, Qe(0)).

The image of H* (X, Z(3))["] — Z*(X)[£"] corresponds via the isomorphism in (7.4) to the subspace
generated by the image of H*~1(X, u3') — Hfi;,lm(X, pet). Similarly, the image of H* (X, Ze(i))[(>°] —

ZH(X)[¢>°] corresponds via the isomorphism in (7.5) to the subspace generated by the image of
H* X, Qu/ (1) = H5 5, (X, Qe/Zo(0)).

Before we turn to the proof of the above theorem we need the following:
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Lemma 7.8. Let X € V. Then the natural map

H* " Y(F_1 X, puy") FOVHYYF o X, 08 H G, (X, )
BB L(F, (X, 2,())  FoVHR (B, X, 2,(0)  HP5h (X, Ze(0))

is an tsomorphism.

Proof. Since the above map is clearly surjective, it suffices to show that it is injective. Since
Fl P Y F X, Z(1)) = im(H* Y (F;_1 X, Ze(1)) — H* Y F;_2X,Z(4))),
it thus suffices to show that any element
a € ker (H* " N(F,oy X, pi) — H* Y (Fi_o X, 1))
satisfies ‘
§(a) =0 € H*(Fi_1X,Z(i)),
which by (P5) implies that « lifts to an integral class. By Lemma 5.8, v = ¢.£ for some
¢e @ H'(zudh.
reX (i=1)

Since 0 commutes with ¢, by functoriality of the Bockstein sequence in (P5), we find §(a) = 1. (0(§)).
On the other hand,

i€ e P H(xZ(1))

reX(i-1)
is ¢"-torsion by property (P5), while the above direct sum is torsion-free by Lemma 5.13. Hence,
d(a) = 0, which concludes the proof of the lemma. O

Proof of Theorem 7.7. By Lemma 5.8, we have an exact sequence
P 1z, = H* (X, Zy(i) — H*(F,1 X, Zo(i)) — P H'(2,24(0)).
reX () zeX (@)

By Lemma 5.13, the last term in this sequence is torsion-free and so

ZUX) ") ~ H* (F;_1 X, Z(0))[07].
By property (P5), the Bockstein map thus induces an isomorphism

) HQi_l(F‘,lX M®i)

7.6 ZY(X)[) ~ — e
(70 W= L x )
By Lemma 7.8, we then get a canonical isomorphism

e PO
SO e, ey

i—2,nr

which proves (7.4). 4
Let now o € H*~1(F;_1 X, i) with image
H2i—1 Fi, X, (X;z
o] e L Fia X))
sz 1(F7;,1X, Ze(l))
By Corollary 5.10, H*Y(F,X, u$") ~ H*~Y(X,p$") and so [a] lifts to FPHZ1(F,_1 X, u5") if and
only if §(«) € H?(F;_1 X, Z(7))[¢"] lifts to an ¢"-torsion class in H* (X, Z,(i)). Hence, the image of the
{"-torsion classes H* (X, Z(i))[¢"] inside Z*(X)[¢"] correspond via (7.6) to the subspace
Finifl(Fi_lX, ME@;Z) H%il(Fi_lX, ,LL%Z)
H>»WF; 1 X,Z(1)) ~ H*» WF_1X,Z(3))’
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where we recall that FIH*1(F,_1 X,u$") ¢ HP Y (F_1 X, pu5') is the image of H* (X, ud’), see
Corollary 5.10. Combining this with the isomorphism in Lemma 7.8, we find that the image of
H?(X,Z(i))[("] — Z'(X)[¢"] corresponds via the isomorphism in (7.4) to the subspace generated
by the image of H*~1(X,uS") — HZ,L (X, u$"), as claimed.

i—2,nr
By (P4), the identity (7.5) as well as the assertion on the image of H* (X, Z(i))[¢(*°] — Z*(X)[¢>°]
follow from what we have proven above by taking direct limits over r. This concludes the proof of the
theorem. ]

The above proof has the following consequence, that we want to record here.
Corollary 7.9. Let X € V and o € H* Y (F,_1 X, u$"). Then
§(a) € im(H* (X, Z(i)) — H*(F;_1X,Z(i))).
Proof. By Lemma 5.8, we have an exact sequence

P w1z, = H* (X, Zo(i) — H* (F,1 X, Zo(i)) — D H'(2,2(0)).

zeX @ reX (@)
For any o € H* Y (F;,_1 X, u$"), the class d(a) € H?(F;_1X,Z(i)) is torsion and so Lemma 5.13
implies that it maps to zero in @, v H' (z,Z4(0)). O

7.4. The f-adic Griffiths group. Recall from (7.1) that the cycle class map cly : CH'(X)z;, —
H?*(X,Z(3)) factorizes through A*(X)z, from Definition 7.2. We denote the induced cycle class map

on A%(X)z, by a;
Definition 7.10. For X € V, we define
AV (X)z, = ker (aX L AY(X)g, — H¥ (X, Zg(i))) .

By Lemma 7.5, A§(X)z, coincides with the ¢-adic Griffiths group of homologically trivial Z,-cycles
modulo algebraic equivalence if (P7.1) holds, while it is given by the kernel of the cycle class map
CHY(X)z, — H?(X,Z(3)) if (P7.2) holds.

Using the definition of A%(X)z, from Section 7.1, we get

. B ker (tx : @ pex o (2] — H* (X, Zy(i)))
(7.7) Ap(X)z, = im (8 oL, : @xeX(Fl) HY(2,Z(1)) — EBxeXWMZz)'

The following result is motivated by Bloch—Ogus’ computation of the second Griffiths group of a smooth
complex projective variety in [BOT74, (7.5)].

Proposition 7.11. For X €V, there is a canonical isomorphism
AY(X)z, = H5 (X, Z(0) [HPH (X, Zo(i).

i—2,nr
Proof. By Lemma 5.8 and Corollary 5.10, we have exact sequences
H* X, Zy (i) — H* " NF 1 X, Zo(i)) % @D [2)Ze = H* (X, Z4(i))
z€X (D)
and 4 4
P H'(x,Z(1) L BN F 1 X, Ze(i) — H* N (Fio X, Zy(i)).
reXx(i-1)
This shows by (7.7) that A} (X)z, is isomorphic to
o (2 P X 20(0) | HY M (F X Zi(0)
H2=1H(X, (i) H>=1(X, Zy (i)
which proves the proposition by definition of H25! (X, Z,(i)). O

i—2,nr
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Combining Theorem 7.7 and Proposition 7.11, we obtain the following.
Corollary 7.12. Let X € V. Then there is a canonical short exact sequence

; H* U (X, us! i r
OHAB(X)ZL; ®Z/€T*) z—2,nr( Mﬁ ) Z (X)[g }

‘ . 0.
H2-1(X, 1y — H?(X,Z(3))[07] 7

Proof. By Proposition 7.11, there is an exact sequence

_ HYSL (X, p HP (X g
Ay(X)z, ®ZJI" — Z_.Q’W( /gi ) T 21 1_277'”"( W‘ : ®i
HP M (X pg) HZ ), (X Ze(0)) © H (X, ')

1—2,nr

—0.

By Theorem 7.7, ZH(X)[("] ~ Hfig’lm(X, M%)/H?jg’lw(X, Z¢(i)). One checks that the natural map

H?=Y(X, u$") — Z(X)[¢"] is induced by the Bockstein morphism and so its image coincides with the
image of the natural map H? (X, Z,(i))[("] — Z*(X)[¢"]. We thus get an exact sequence

H X  ZHX)I]
H21(X, 1Y) H2(X,Z(i))[¢7]

(7.8) AN X))z, @ L/ — —0
and it remains to show that the first arrow is injective. For this, let z € @, y ) [7]Z¢ with 1.z = 0 and
let [2] € A}(X)z,. By Lemma 5.8, there is a class « € H** 7! (F;_1X,Z(i)) with da = 2. The map in
question sends [z] to the image of « in

FIVHP N (FoXoug)  HE 0, (X )

H2UX,ugt) HENX )

If this vanishes, then there is a class £ € @, yi-1) H'(, p$t) such that
d@a+u&=0e P z/0,
zeX (@)

where @ denotes the image of a in H*~!(F;_1 X, u3"). By property (P6), we can pick a lift &' €
D.,cxi-n H' (z,Z4(1)) of £ and find that

oa+ue)e @ Wl
reX ()

is zero modulo ¢". The above cycle and z = da have the same class in A*(X)z, and so z has trivial
image in A}(X)z,/¢". This shows that the first map in (7.8) is injective and so the exact sequence from
the corollary follows. This concludes the proof. a

The following result gives a geometric interpretation of the extension
2i—1 ®i
Ei - Hii2,nr(X’ MZTZ)
’ H2 =YX, pg')
from Corollary 7.12.
Lemma 7.13. For X €V, there is a canonical isomorphism

Ejr(X) = ker(cly : AY(X)g, /" — H? (X, p§h)),

where Elix denotes by reduction modulo {" of the cycle class map (?IZX s AYX)z, — HH(X, Z(i)).
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Proof. By Lemma 5.8, we have exact sequences
H* N X, pugh) — H* N Fia X, ) 25 @ [2]Z/67 = H* (X, pg)
xeX®)
and
P H (w(a),uf)) > BN (Ei X, p) — HE L (Foo X, i),
zeX (-1
Combining these two sequences, we find that E}jr (X) is isomorphic to

coker | Do, : @ Hl(/i(x),u?il)ﬂ ker | ¢4 : @ [2]Z/0" — H* (X, u%i)
reX(@—1) zeX ()

By (P5) and (P6), H'(k(x),Ze(1))/¢" ~ H' (x(x), u$') and so the above cokernel injects into

AY(X)z, /0" = coker @ H'(z,Z(1)) 22 @ []Ze | /L7,
zeX (-1 xeX @)

cf. Definition 7.2. Moreover, a class z € A*(X)z, with reduction [z] € A*(X)z, /(" satisfies [2] € E}, if

and only if

L

ciy () € ker(H? (X, Zo(i)) — H* (X, Ze(i))/€")
where we use that H2(X,Z(i))/¢" — H*(X,u$") by (P5). This concludes the proof of the lemma,
because
(X, Za(i) 0 — B (X, )
is injective by (P5). O

7.5. A transcendental Abel-Jacobi map on torsion cycles. We write for simplicity Af(X)[¢'] :=
Al(X)z,[¢7], where A}(X)z, denotes the kernel of the cycle class map cly : A(X)z, — H2 (X, Z(i)),
see Definition 7.10.

In this section we show that there is a canonical map

H (X, Qe/Z4(3))
]\]1'71[_121‘71()(7 QK(Z)) ’

where we recall that N7H*(X, A(n)) = ker(H (X, A(n)) — H*(F;j_1X, A(n))). Our result is motivated
by Bloch’s Abel-Jacobi map on CH*(X)[¢*] constructed in [Blo79] in the case where X is smooth
projective over an algebraically closed field. We compare the two constructions in Section 8 below. We
will see that for &k = k and when H* denotes Borel-Moore pro-étal cohomology (see Proposition 6.6),
then the above map is the transcendental Abel-Jacobi map on torsion cycles, i.e. the smallest quotient
of Bloch’s map that descends to a map on

(7.9) A Ap (X)) —

i o _ NOCH'(X)z
AX) ] =
Ni=1CH"(X)gz,
(The adjective transcendental stems from the fact that N*=* CH*(X)z, = CH'(X)ag ®z Z; is the space
of algebraically trivial f-adic cycles in this case.) We will call the above map the transcendental Abel-

Jacobi map, regardless of the ground field and the Borel-Moore cohomlogy theory chosen.
Lemma 5.8 and Corollary 5.10, we have an exact sequence

(7.10) H>7N(X, Z(i)) — HY N (Fia X, Z0(0) -2 @D [@)Ze 5 H (X, Zo(i)).

zeX ()

[€%<].
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Let now [2] € A§(X)[¢"] for some r and some z € @, . i) [€]Z¢. Then 1,z = C~IZX (2) = 0 by the definition

of cly and so we may choose a lift o € H%~L(F;_1X, Z(i)) via (7.10). This is well-defined up to classes
that come from H*~1(X,Z,(i)). Since [z] is £"-torsion, (7.7) implies that O(¢"a — 1.&) = 0 for some
€ €@ cxi-n H'(2,Z(1)). Hence there is a class 3 € H* (X, Z(i)) with

(7.11) B=0a— &€ FH*" Y F_1X,Z(i)).

By (P4), B/ € H*71(X,Qu(i)). Using functoriality of H*(—, A(n)) in the coefficients, we may
consider the image of that class in H*~1(X,Qy/Z(i)) and define (7.9) via

(7.12) X ([2]) = 18/€7].
Lemma 7.14. The map .. given by (7.12) is well-defined.

Proof. Let us first fix a representative z of [z]. Then A,.([z]) does not depend on the choice of «, as
this would change 8 by a class in ¢" - H*=Y(X,Z(i)). Also, the class ¢ is well-defined up to classes
¢ €@, exi-n H' (2,Z4(1)) with 8(¢,¢) = 0. This changes 3 by

LG € FIHP Y (F_1 X, Zy(i)) ~ H* (X, Zy(i))
and hence by a class in N*"1H*~1(X,7Z,(i)). In particular,

o HPYX, Qo) Z4(i)
[B/07] € Ni-TH2-1(X, Qq(i))

remains unchanged.

Finally, if we replace z by a cycle 2z’ that represents the same class in A}(X)z,, then, by (7.7),
z — 2 = 0u,C for some ¢ € @, vi-1) H'(x,Z¢(1)). But then we can replace a by a — ¢, and & by
& — 10" -(, so that the class 8 does not change at all via this process. This proves the lemma. O

The following alternative description of A, is useful.

Lemma 7.15. Let X € V and let [2] € Ai(X)z, be an £"-torsion class. By Proposition 7.11, [2] is
represented by a class a € H*31 (X, Z4(i)) such that €" - « lifts to a class B € H*(X,Z(3)). Then

i—2,nr
N ) = [6/0] € i B

Proof. By the proof of Proposition 7.11, « lifts to a class o/ € H?~!(F;_1 X, 7Z,(i)) such that 0o’ = z €
@D..c x [x]Z¢ is a representative of [z] € Aj(X)z,. Since [z] is £"-torsion, the construction of A, shows
that there is a class 8 € H*~1(X, Zy(i)) and € @, yi-1 H'(z,Z¢(1)) such that

B=4"a + 1.

and
A(l2) =18/ € ]f,l_ H(QX%(/%EEZ;)

Since B and 3’ both restrict to the same class on F;_5X, we find that

B/Er _ B//ér c Ni_lHZi_1<X, Qé(l))

Hence, A, ([z]) = [B/¢"], which concludes the proof of the lemma. O
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7.6. The image of the transcendental Abel-Jacobi map on torsion cycles. For X € V we write
HY(X,Qe/Ze(n))aiw = im(H' (X, Qe(n)) — H'(X,Q¢/Ze(n))),
which is a divisible subgroup of H*(X,Q,/Z¢(n)); if the torsion subgroup of H**1(X,Z,(n)) is finitely
generated, then H(X,Q¢/Z¢(n))aiv is in fact the maximal divisible subgroup of H*(X,Q/Z¢(n)). For
7 >0, we consider the coniveau filtration
N7 HY (X, Q¢/Ze(n))aiv := ker(H (X, Q¢/Z(n))aiw — H'(F;_1X,Q¢/Ze(n))).
The following result computes the image of Ai.. It is motivated by the description of the image of the

Abel-Jacobi map on CHQ(X )tors for smooth projective varieties over algebraically closed fields, due to
Bloch and Merkurjev—Suslin, see [MS83, §18.4].

Proposition 7.16. For X €V, the transcendental Abel-Jacobi map X.,. from Lemma 7.1/ satisfies
NTVH? (X, Qo /Z4 () i

NiTH21(X,Qu(i))
Proof. Let [2] € A{(X)[¢>°] and let o« € H*71(F;_1X,Z(i)) with da = z. Assume that ¢ - [z] = 0.
Then, as we have seen above, there are classes £ € @, u-1 H'(2,Z¢(1)) and 8 € H* (X, Zy(i))

such that (7.11) holds true. By definition, \i.([z]) = [B3/¢"] is the class represented by the image of
B/07 € H*=1(X,Q(i)). This shows in particular
lm()\z ) C H2i_1(X7 Qf/Zf(i))div _ im(Hgi_l(Xa Qf(l)) — H2i_1(X; QZ/ZK(Z)))
tr Ni—LTH2-1(X, Qq(i)) Ni—LTH2-1(X, Qq(i)) :
Next, note that ¢.& vanishes on F;_»X and so (7.11) implies that
[B/¢7] = [a] =0 € H* " (Fi—2 X, Qu/Z4 (i)

because « is an integral class. Hence,

im(X;,) =

NTH? =YX, Q0 /Z4(1)) aiv

) © gm0

as we want.
Conversely, let
v € N H* (X, Q0/Z(i)) div-
By Lemma 5.8,

veim | @ H'(e,Qu/Z1) — H*\(Fi 1 X,Qu/Z4(0)

reX ()
Since H(z,Q/(1)) — H(x,Q¢/Z¢(1)) is surjective by (P4) and (P6), we conclude (using again (P4))
that there is a class £ € @, v H'(x,Z(1)) and a positive integer r such that v lifts to the class
1 _
Iz € € H* Y (Fio1 X, Qu(i)).
Since ~ lifts to a rational class by assumption, (P4) implies there is a class f € H?~}(X,Z,(i)) and
a positive integer r’ such that v lifts to B/ET/ € H?1(X,Q(i)). Up to replacing r and r’ by their
maximum (and £ resp. § by a suitable multiple), we may assume that r = 7/. Let then

o =B/ — 0 € HP N (EF -1 X, Qq(d)).

Note that the image of o in H*~1(F;_1 X, Qq/Z(i)) vanishes. By (P4) and (P5), it follows that o lifts
to a class o € H*~1(F;_1X,Z(i)). We then find that there is a torsion class 7 € H?71(F,_1 X, Z(i))
such that

("= — 1.l +71€ HY YF_1X,Z(i)).
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Since T is torsion, there is a positive integer s such that ¢° -7 = 0 and we get
B =0"Ta + 051, € H* Y F_1X,Z(i)).

Let 2z := Ja with associated class [2] € A4(X). Then the above identity shows that [z] is ¢"*-torsion
with associated transcendental Abel-Jacobi invariant

Mp([e]) = [6°B/€ 7] = [B/€7] = [y] € H*'7H(X, Qe/Ze (i) /N"" H* 1 (X, Qu(d))-
Hence, [y] € im(\Z,), which concludes the proof of the proposition. O
7.7. The kernel of the transcendental Abel-Jacobi map on torsion cycles.

Definition 7.17. For X € V, we define

TH(X)[€>°] := ker ()\ir CALX) ] —

H> (X, Qq/Ze(3)) )
Ni*lHQi*l(X’ Q[(Z))

where i is the transcendental Abel-Jacobi map defined in Section 7.5. We further let TH(X)[¢"] C
THX)[€>] denote the subgroup of {"-torsion elements.

Recall the filtrations F* and G* from Definitions 5.3 and 5.4.

Lemma 7.18. Let X € V. Then
GHPS5, (X, ') € HPESE (X )

i—3,nr i—3,nr
is the subspace of classes a € Hfigi”,(X, u?ﬁi) that admit a lift o/ € H*%(F, X, u%i) such that

§(a’) € H*=Y(F;_oX,Z(1)) lifts to H*~1(X, Z(i)).
Proof. This is an immediate consequence of the definition and the fact that
FIH* Y F X, Z(i)) = im(H* " Y(X,Z(1)) — H* N (Fi_2X,Z(3))),
because H?~Y(F; X, Zy(i)) ~ H*~1(X,Z¢(i)) by Corollary 5.10. O

The following result is motivated by [Voil2] and [Mal7], where 73(X)[¢*] is computed for smooth
projective varieties over k = C.

Theorem 7.19. Let X € V and assume that for any x € X, H?(x,Z(2)) is torsion-free. Then there
are canonical isomorphisms

] o A EX QTe() | HESE, (X Qu/Ze(0)
THX)[e] ~ GiH?*2(F;_9X,Q/Ze(i)) — GIH? 32 (X, Qq/Ze(i))’

1—3,nr

The above theorem will be deduced from the following two propositions below.

Proposition 7.20. For any X € V, there is a canonical isomorphism
i oo H* N (Fi o X, Z(i))[6]

TX*] ~ e NY[goo]”

FIHP=(Fi_o X, Z(3))[>°]

Proof. Let [z] € A}(X)[¢"] for some r. By construction and Lemma 7.14, A .([z]) = 0 if and only if
for some classes o« € H* 1 (F;_1 X, Z()), £ € @,exi-n H' (2,Z4(1)) and § € H* (X, Z(i)) with
z = 0o and

(7.13) B="L"a— &€ H" Y F_1X,Z(i)),
we have that 8/¢" € H*=1(X,Qu/Z(i)) admits a lift
v € NTTH* X, Qi) = ker(H* (X, Qi) — H* N (F;_2X,Qq(i))).
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This means that
BT =y +e€ H* (X, Qi)
for some ¢ € H?~1(X,Z(i)). Replacing a by a — ¢, we may assume that ¢ = 0 and so B/4" €
Ni71H2i71(X’ QE(Z))
By Lemma 5.8, there is an exact sequence

P H'(2.2:1) > H¥ N F1 X, Ly (i) L HY N (Fioo X, Zo(i)),
zeX (-1

where f denotes the canonical restriction map. Since B/¢" € N "1H?~1(X Q(i)), we find that
A([2]) = 0 implies that the image f(a) € H* 1 (F;_3X,Z(i)) of a is torsion. We claim that the
map

g2t F, X, 74(i))[€>
S e e Fre(eD = [f(a)
is well-defined. Here we emphasize that the class a € H?~(F;_1X,7Z,(i)) used in the definition of
©([#]) is not an arbitrary representative that satisfies dov = z, but it is chosen in such a way that 5 from
(7.13) satisfies B/¢" € N*"LH*=1(X, Q(4)).

To prove that ¢ is well-defined, let us first fix z. Then the condition da = z shows that « is unique
up to classes in H?=1(X,Z(i)) and so [f(«)] is independent of the choice of « for fixed z as we quotient
out FPH* =1 (F;_5X,Z(i))[¢>°] in the above formula. If 2’ and z have the same class in A*(X)z,, then,
by (7.7), z — 2/ = Ou.( for some ¢ € @, cu-1) H (2,Z¢(1)). The class o’ := o — 1, then satisfies
O(a — 1.¢) = 2" and, by (7.13),

B=10a — 1, (6~ () € H* N (Fm1 X, Zo(3)).

Since B/0" € N*"1H?~1(X Q(i)), we find that o/ may be used to compute o([2]), that is, ¢([z']) =
f(a). By exactness of the above sequence, f(a’) = f(«) and so ¢([2']) = ¢([z]). This proves that ¢ is
well-defined, as claimed. It remains to see that ¢ is an isomorphism.

To see that ¢ is injective, assume that in the above construction, f(«a) lifts to a class in H?~1(X, Z(i)).
Then, by Lemma 5.8, there is a class € € @, y-1) H'(x,Z¢(1)) such that

= tee € H*HF,_1 X, Z(i))

lifts to H*~1(X, Z(i)). Since da and d(a — t.€) = 0 have the same image in A}(X)z,, it follows that

2] = [9a] = [9(a — .6)] = 0 € Aj(X)z,,

o THX)[X]—

as we want.
Next, we claim that ¢ is surjective. For this, let v € H* =} (F;_2 X, Z(i))[¢"]. Then

e @ H(xZ1)
reX(i-1)
is torsion and so it must vanish by Lemma 5.13. Hence, v = f(«a) for some a € H* =Y (F;_1X,Z(i)).
The cycle z = da is then homologically trivial (i.e. lies in the kernel of cly ) by exactness of (7.10). The
class [2] € A}(X)z, of z is £"-torsion, because f(£"a) = 0 and so "« = 1. (and hence {7z = Ju.€)
for some & € @, ¢ yu-1) H(2,Z¢(1)). In particular, 0 = "o — 1,.§ and so Aj,.([z]) = 0 by construction
in Section 7.5. Hence, [z] € T*(X)[¢"]. By definition of ¢ above, we have ¢([2]) = f(«) = 7. This
concludes the proof of the proposition. O

Proposition 7.21. Let X € V and assume that for any v € X, H3(x,Z(2)) is torsion-free. Then the
natural map ‘ .
H* 2(Fio X, ') HZ50, (X i)
GiH2=2(F;_o X, u$") GiH?Z2 (X, 97

i—3,nr
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is an isomorphism.
Proof. The map in question is surjective by definition. _

Let now o € H?"2(F,_5X, ') so that the image o/ € H*~2(F;_3X,us") of a is contained in
G'H 32 (X, u3"). By Lemma 7.18, this means that there is a lift o/ € H*~2(F;_o X, u") of o’ such

1—3,nr

that
§(a’") € H¥ N (Fy_aX, Zy(i))
lifts to a class 8 € H*71(X,Z(i)). Then o — o' lies in the kernel of
H? 72 (Fy o X, puh) — H*2(F_3 X, pu$h).

Lemma 5.8 thus implies that

o — Oé// = L*§ S Hziiz(Fi_QX, [1,28;1)
for some & € @, ¢ -2 H*(z, pu5?). The class

31 = 1. (6)) € D H(x,Ze(2))
reX (i-2)

is torsion by property (P5) and so it vanishes, because H?(z,Z¢(2)) is torsion-free by assumption. This
shows that §(a) = §(a”). Since (') extends to the class 8 € H?*~1(X,Z(i)), the same holds for §(c)
and so

a € GTH? 2(Fi_o X, uh).

This proves that the map in question is injective, as we want. O

Remark 7.22. The torsion-freeness assumption in the proposition (resp. in Theorem 7.19) will in all
applications be satisfied by Merkurjev—Suslin’s theorem [MS83], i.e. by the Bloch-Kato conjecture in
degree 2, see Remark 5.14.

Proof of Theorem 7.19. We claim that the Bockstein map
5 H¥ 2(Fy_o X, p$") — H* " Y(Fi_o X, Z(3))
from property (P5) induces an isomorphism
HY2(FioX,ppt)  HN(Fio X, Z(i))[¢]
GiHY2(F, X, 1%)  FUHP(F, X, Ze(0))[0']
By (P5), the image of § is H?*=Y(F;_2X,Z(i))[¢"] and so it suffices to show that
§TH(FTHP N (Fima X, Ze(0)[07]) = GTHY (Fi_o X, pn$),

(7.14)

which is exactly the definition of G* (see Definition 5.4). This proves the above claim. Taking direct
limits and using (P4), we get an isomorphism
H2i_2(Fi,2X, Qe/Zg(Z)) - g2-1 (Fi,QX, Z@(’L)) [ZOO]
GTH2(F 35X, Qu/Ze(i) ~ FUHP1(F_5X, Z4())[(]
The first isomorphism in Theorem 7.19 follows therefore from Proposition 7.20. The second isomorphism
follows from Proposition 7.21 by taking direct limits. This concludes the proof of the theorem. O

Corollary 7.23. For any X € V there are subgroups Ty (X)[("] C THX)[¢"] with T*(X)[¢>] =
U, Té(X)["] and a canonical isomorphism

T = JE B X g | HES (k)
0 T GIHY2(F_o X, 42 T GIHP P2 (X, udh)

i—3,nr
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Proof. By Proposition 7.20, there is a canonical isomorphism
; H2i_1(Fz‘72X7 Zz(l))[goo]

THX)[e<] ~ FiH2=Y(F;,_ X, Z(i))[¢>]

Using this isomorphism, we define

o HPTUE o X, Z(0)) 0]
To (X)[e] := FiH2=1(F;_ X, Z(i))[("]

Hence, 75 (X)[¢"] C T*(X)[¢>°] is a subgroup of £"-torsion elements and so T (X)[¢"] C T*(X)[¢"]. Note
also that 7¢(X)[¢>°] = U, T¢(X)[¢"]. The corollary thus follows from (7.14) and Proposition 7.21. O

For the final result of this subsection, we will need the following definition, where for X € V we let
5 HY(OX ) — HY (X, ")
be the composition of the Bockstein map ¢ from (P5) with the reduction modulo ¢ map
H™ (X, Zo(n) — HHH (X, )
given by functoriality in the coefficients.
Definition 7.24. For any X € V, we define a decreasing filtration G* on H(F;X, ,u%”) by
ae GMHU(F; X, uS") <= () € F"H™YYEX, uSm).
Moreover,
G H; (X, pi") = im(G™ H (Fja X, pi) — HY (B3 X, pi™).
It follows directly from the definition that G™H*(F; X, us™) C émHi(FjX, o).
Proposition 7.25. For any X €V, the kernel of the canonical surjection

Ti(X)W] ~ H?2(F;_,X, M%-i)_ R H*2(F;_,X, /‘%?'i)
0 GiH?2(F;_5X, %8;%) GiH?-2(F,_, X, u%i)

is given by all classes in Tg(X)[("] that are £"-divisible in AY(X)z,.

Proof. By Proposition 7.11, there is a canonical isomorphism

AN(X)z, = HZ (X, L)/ HP (X, Zo(0)).

i—2,nr
The natural inclusion
To (X = A(X)z,
corresponds via the isomorphism in Corollary 7.23 to the map
H 2(Fip X, i) HiZ 0 (X, Za(0))
GIH?=2(F;_y X, ") H2=1(X, Zy(i))
Here the fact that (o) € H*~1(F;_2 X, Z(4)) lies in Fi=H?~1(F;_5 X, Z(i)) follows from Lemma 5.8,
because 0(c) is torsion while @, . yi—1) H?(x, Z¢(i)) is torsion-free by Lemma 5.13.
Let now [a] € T¢(X)[¢"] with o € H*“2(F;_5 X, u"). As we have seen above, the class

§(or) € H* " N(Fi_a X, Zy(i))

[ [6()]-

admits a lift

(7.15) S(a) € H* " YF_1 X, Z(i)).
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By Lemma 5.8, the lift is unique up to classes coming from @, . -1y H' (k(x), Z¢(1)). Moreover, there
is an exact sequence
HY N X, Zy (i) — HY* " NF 1 X, Zo(0) -2 P [2]Ze.
e X ()
The class
6(a)) e B [x1Z
zeX ()
is unique up to an element of the image of
dor: @ H'(nZ()— @ Wz
zeX (i=1) zeX (i)
The cokernel of the above map is isomorphic to A*(X)z,, see Definition 7.2. Since 9 is trivial on classes
that lift to H?*~1(X, Z(i)), we get a well-defined map
H>2(Fio X, ')
GiH?2(F;_,X, M%?i)

— A'(X)z,, [o]—1[0(5())].

This map identifies via the isomorphism in Corollary 7.23 to the inclusion 7 (X)[¢"] — A*(X)z,.
Let us first assume that

[0(6(c))] € A'(X)z,
is divisible by ¢". Then up to a suitable choice of the lift 6(«)’, we may assume that 9(5(«)’) is zero
modulo ¢". By Lemma 5.8, there is an exact sequence

H* " N(X, pg') — H* N Fa X, p5) -2 @D 21z/0
reX ()
We thus conclude that the reduction §(a)’ modulo £" of §(a)’ lifts to a class in H*~1(X, u$*). Since
d(e) is a lift of d(a), this implies a € G'H¥ =1 (F;_o X, u$?).
Conversely, assume that o € H*~2(F;_5 X, u?ii) lies in G'H?*~2(F;_»X, u?ii). That is,

() € H* N(Fi o X, g’

lifts to a class in H*~1(X, u$"). Consider the lift §(a)’ € H*~1(F;_1X,Z(i)) of §(a) from above. The
reduction §(a)" € H*~H(F;_1 X, 1) modulo £7 of the lift §(a)’ is a lift of (). Since d(a) lifts to
H?~1(X, u$"), Lemma 5.8 implies that there is a class

é-E @ H1(337M7‘)7

reX (-1

such that

a(W—L*g) =0 &P [z/e.

zeX ()
Since £ lifts by (P6) to a class in @, -1y H'(k(x), Z¢(1)), and because & (5(04)’) is the reduction
modulo ¢" of 9(d(c)’), we conclude that
[0(6(c)")] € A (X)z,

is zero modulo ¢". Hence, the class [a] € T (X)[¢"] is divisible by ¢" in A*(X)z,, as we want. This
concludes the proof of the proposition. a
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7.8. More on the coniveau filtration on Chow groups. Recall the coniveau filtration N* on
CH'"(X)z, from Definition 7.3. By Lemma 7.4,
A(X)z, = CHY(X)z, /N CH (X)z, and A{(X)z, = N°CHY(X)z, /N1 CH'(X)g,.
It follows that N* induces a filtration on A}(X)z,, given by
NI A (X)z, = NV CH(X)z, /N'~' CH(X ),
for 0 < j <i—1. Note that NiflAé(X)Z[ = 0. We thus have a finite decreasing filtration of the form
0=N"'CcNZ2cN?c...N' ¢ N = A}(X)z,.

Let f : X — Y be a proper morphism of schemes X,Y € V and let ¢ = dimY — dim X. The
definition of A*(X)z, and A}(X)z, (see Definition 7.2 and 7.10) together with the functoriality of the
Gysin sequence (P2) with respect to the pushforward maps from (P1) implies that there are natural
pushforward maps

f* : Ai(X)Ze *}Ai—"_c(y)zz and f* : Aé(X)Ze ‘)A?ﬁc(y)ze'
Using these maps, we get the following description of the above filtration on A}(X)z,.

Lemma 7.26. Let X € V. The coniveau filtration N* on A§(X)z, is given by

N7A((X)z, = im <hﬁ> AT (Z)z, — AE(X)ZZ> ;

ZCX

where Z C X runs through all closed subschemes with dim Z = dim X — j.

The following lemma shows that the coniveau filtration on algebraic cycles is surprisingly well-
behaved.

Lemma 7.27. For X €V, the canonical pushforward maps
lim N°CH'™/(Z);, — N’ CH'(X)z, and lim Ay 7(Z)z, — N7 AY(X)z,
zZcX zcX

are isomorphisms, where Z C X runs through all closed subschemes with dim Z = dim X — j.

Proof. Both pushforward maps in question are surjective by definition, cf. Lemma 7.26. Moreover,
injectivity is trivial unless 0 < j <+¢ — 1, which we will assume from now on.

We first prove injectivity of the first map. Let z € CH ™7 (Z)z, be a cycle that is rationally equivalent
to zero on X. Then there is a closed subscheme W C X with i — 1 = dim X — dim W such that z is
rationally equivalent to zero on Z U W. Since j < i — 1, we find that the subscheme Z U W appears in
the direct limit in question, which settles the injectivity of the first map in the lemma.

Injectivity of the second map is similar. O

For the following proposition, recall the definition of the coniveau filtration N* on refined unramified
cohomology from Definition 5.2.
Proposition 7.28. For X €V, the isomorphism from Proposition 7.11 induces an isomorphism
j pr2i—1 ,
NIAYX, = e SR
Proof. By Proposition 7.11, there is a canonical isomorphism
AN(X)z, ~ HZ 5L (X, Z(3)/ H* (X, Zo(4)).

i—2,nr

By Corollary 5.9, for any 0 < j <4 — 1, there is a canonical exact sequence

. 2(i—j5)—1 . . N i— . i— .
lim T2, 80— ) 5 HP), (X Z(6) — H)E L (X 24 (),
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where the direct limit runs through all closed reduced subschemes Z C X of dimension dimZ =
dim X — j. Here the first map is induced by the pushforward map with respect to Z — X and the
second map is the canonical restriction map.

The above sequence induces a sequence
X (20— ), HPSh (X, Ze0)  HPL (X (i)

lim i—j—2,nr Lo i—2,nr j—1lnr

D ECD AL LG ) | BN Z) | HE K )

and one directly checks that this sequence remains exact. By Proposition 7.11, the first arrow in this
sequence identifies to the natural map

ti 457(2);

¢ - A6 (X)Zz'
It follows from the functoriality of the Gysin sequence with respect to proper pushforwards (see (P2))
that this map agrees with the pushforward of cycles induced by Z < X. Hence the image of the above
map is given by N7 A}(X)z,. The above exact sequence thus yields a canonical isomorphism

HPG L (X (i) HPL (X, Ze@))

NI AL (X)y, ~ k i T
0(X)z, er< H21(X, Z,(i)) — H»=1(X,Z(7))

By definition of the coniveau filtration (see Definition 5.2), we thus get

21—1 :
NIA)(X)z, ~im | NHZE (X Zg(i))*)Hi_?’m(X7ZZ(Z)) :
e e H21(X, Z4(0))

The kernel of the above map is given by the image of N9 H?*~1(X,Z,(i)) and so
NI H S o (X, Za(0))

NIAN(X )z, o~ 2T
0( )Zz NJHQl—l(X7 Z@(Z))
as we want. This concludes the proof of the proposition. O

7.9. Higher transcendental Abel-Jacobi mappings. The coniveau filtration N* on CHi(X )z, in-

duces a filtration N* on

4

A(i)(X)Zz = N? CHi(X)Zz /Ni_l CHi(X)Zz
and hence on the torsion subgroup A§(X)[¢>°] C A{(X)z,. The goal of this section is to show that the

graded pieces of this filtration are detected by higher Abel-Jacobi invariants. To this end it will be
convenient to consider

T (X)) i= H* N (X, Qe/Ze (i) /N H* (X, Qu(3)).
Here we use a bar in our notation to emphasize that we are quotiening out N'H?~(X,Q,(7)) and not

N=IH%=1(X Q(4)), as in the construction of A;, in Section 7.5. Fori > 2, we have N*"* H2=1(X Q,(i)) C
NYH?~1(X,Q(i)) and so A, induces a canonical map

where we note that Aj(X)z, = 0 for i <1 by Lemma 7.4.

Definition 7.29. For 0 < j < i, we define the j-th higher transcendental >°-torsion intermediate
Jacobian of X by
T (X)) = lim T, 7 (2)[],
zZcx
where Z C X runs through all subschemes with dim Z = dim X — j.
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It follows from Lemma 7.27 that the map AL 7 from (7.16), applied to the subschemes Z € X with
dim Z = dim X — j, yields in the limit a canonical higher Abel-Jacobi map
LT AL (X)) — T

jitr

(7.17) N

jitr

(X)[e=].

Note that %)tT(X)[Ew] = jiT(X)[éoo] and A} ;. = Al,. The following theorem computes the kernel of
A},tr
Theorem 7.30. Let X € V and assume that the twisted ¢-adic Borel-Moore cohomology theory H* on

V has the property that for all Z C X with dim Z = dim X — j, the group H2=D=YFyZ,Z4(i — 7)) is
torsion-free. Then for any j > 0, we have ker (i ) = NITTA{(X)[£>].

Proof. By Lemma 7.27 and the construction of Xj—yt via direct limits, it suffices by induction to show

that

r

ke (X,) = N' A3 (X)[¢]

To this end, let [z] € A)(X)[(*] and let a € HZ-QS}M(X, Z¢(i)) be a representative of [z] via the

isomorphism in Proposition 7.11. Let r > 1 such that ¢"[2] = 0 € A}(X)[¢>°]. Then ¢" - « lifts to a class
B € H*"Y(X,Z,(i)). By Lemma 7.15,

H* (X, Qu/Z4(3))

Nir[e) = 18/¢7] € NLHZ =YX, Q7))

Assume now that \..([z]) = 0. Since H?*~!(FyX,Z,(i)) is torsion free by assumption, the preimage of
NYH?=Y(X,Q(4)) via the natural map H? =1 (X, Z,(i)) — H*~1(X, Q(i)) is given by NH*~1(X, Z(i)).
Hence, (P4) and the assumption [3/¢"] = 0 implies that there is a class 8/ € N*H?~1(X,Z,(i)) and a
positive integer 7’ such that

Bl =10 € H¥ Y (X, Qu/Zq(3)).

Up to replacing r and ' by their maximum and 3, resp. 8’ by a suitable multiple, we may assume that
r =r’. We then consider the class

v:= 8- € H* (X, Z(i)).
Since r =1/, y/0" =0 € H*~1(X,Qq/Z(i)). Hence there is a class § € H?*~1(X,Z(i)) and a torsion
class 7 € H?7Y(X,Z(i)) with
y=L"0+T.
Since T is torsion, there is a positive integer s such that £*7 = 0. Hence,
ESB — ESB/ +£T+5(5
isalift of "5 € HY, (X, Z4(i)). Since ' € N*', we deduce that the image of ¢" 5 in H* 1 (Fo X, Z(i))

i—2,nr
agrees with the image of ¢"*%§. Replacing @ by o — § (which does not change the class [z] that «
represents, because 8§ = 0), we may assume that § = 0 and we find that the image of ¢"*«a in
H?~Y(FyX,Z(i)) vanishes. The latter is torsion-free by assumption and so we conclude that the image
of a in H*~1(FyX,Z(i)) vanishes. By Proposition 7.28, this implies [z] € N1 A} (X)[¢*°], as we want.
This concludes the proof of the theorem. O

Remark 7.31. The torsion-freeness condition in the above theorem will in our applications be satisfied
by the Bloch—Kato conjecture, proven by Voevodsky, see Remark 5.14.
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7.10. The second piece of the coniveau filtration. In [Voil2, Mal7], Voisin and Ma showed that
T3(X)[£>*] is related to unramified cohomology up to an error term given by the torsion subgroup of
H5(X,Z¢(3))/N?H®(X,Z(3)). The next result shows that this error term is exactly what is captured
by the G*-filtration on traditional unramified Qy/Zs-cohomology from Definition 5.4. In particular,
the statement in Theorem 7.19 specializes in the case of codimension three cycles on smooth complex
projective varieties to the result in [Voil2, Mal7].

Proposition 7.32. For X €V, there is a canonical surjection
() ), G e O 02
. NzH’L (X’ Ze (’ﬂ)) tors Hé:nlr (X7 QZ (TL))

which maps the image of H (X, Z¢(n))tors 0on the left onto the image of H =1 (X, Q¢/Z¢(n)) on the right.
If H=2(x,Z(n)) is torsion-free for all z € X, then @ is an isomorphism.

Remark 7.33. By Remark 5.1/, Voevodsky’s proof of the Bloch—Kato conjecture implies that H*=2(x, Zy(i—
3)) is torsion-free for the cohomology theories in Proposition 6.6 and 6.9, so that the surjection in the
above proposition will be an isomorphism for n =i — 3 in those cases, but we will not use this result in
the remainder of this paper.

Proof of Proposition 7.32. Recall that N2H'(X,Zy(n)) = ker(H* (X, Z¢(n)) — H*(F1X,Z¢(n))). Hence,
H'(X, Zy(n))
NZH(X, Z,(n))
because H'(Fp; /21X, Z¢(n))) ~ H' (X, Z¢(n))) by Corollary 5.10.
By (P4) and exactness of the direct limit functor, the integral Bockstein sequence (P5) yields in the
limit » — oo a Bockstein sequence
o HY(X Ze(0) — H (X, Qu(n) — HY (X, Qo/Zeo(n)) = HH(X, Zo(n) — -

where by slight abuse of notation we denote the boundary map still by §. By the description of Q-
cohomology in (P4), the image of § agrees with the torsion subgroup of H**!(X,Z,(n)). Using exactness
of the direct limit functor once again, we find that the above sequence remains exact for F;X in place
of X. By definition of G* in Definition 5.4, § induces therefore an exact sequence
H™YFX,Qqu(n)) — G/ HI=Y(F1 X, Q¢ /Zo(n)) — Tors(FIV2VH (FL X, Zy(n)))) — 0.
From this we conclude a canonical isomorphism
GITH =YX, Q/Ze(n))/H' ™ (F1.X,Qe(n)) —=» Tors(FI"? H(Fy X, Z(n))))
induced by 0. Combining this with (7.18), we get the surjection ¢ as claimed in the proposition.
It remains to analyse the kernel of the canonical map
GIRIH=Y(F X, Q¢ /Z¢(n)) R G H=Y(FyX,Qu/Ze(n))
Hi=YF1X,Q¢(n)) Hi=1(F1X,Q¢(n)) '
To this end, let a € GI/21H*=Y(F, X,Q,/Z¢(n)) be a class that vanishes on FyX. By Lemma 5.8,
a =& for some ¢ € @ H™3(2,Qp/Z¢(n — 1)).
zeXx @)

If H'=2(z,Z(n)) is torsion-free for all 2 € X then §(¢) = 0 and so §(a) = 0 by functoriality of the
Bockstein sequence (see (P5)). Hence, « lifts to a class in H*~1(F; X, Q(n)) and so it vanishes in the
above quotient. This concludes the proof of the proposition. O

(7.18) ) — Tors (FWZ] H'(FiX, Ze(n)))) ;

9

Remark 7.34. A version of Proposition 7.32 has been proven independently by Ma [Ma20].
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7.11. Comparison to Bloch—Ogus theory and to Kato homology. In this section we define

719 B (X, Al = KO0 Baxn H'(2) = Bogunn ' (2)
’ 2 ’ ' 1m(8 O Ly @mex(]’—l)HiJ’_l(x) — @memei(m)) ’

where H*(z) is a short hand for H*(z, A(n — ¢)), where ¢ = codim(z) = dim X — dim({z}). If X is
smooth and equi-dimensional over a field k and H* satisfies the properties of Bloch-Ogus in [BO74,
§1] (see e.g. [BOT4, §2]), then EJ"* (X, A(n)) ~ HI(X,H7(A(n))) identifies by [BO74] to the j-th
cohomology of the Zariski sheaf associated to U+ H'™I (U, A(n)).

Proposition 7.35. For any X €V, there is a canonical long exact sequence

Lo HIT2-UX A(n)) — HITY-H(X, A(n)) — EPH(X, A(n)) — HT2 (X, A(n)) — ...

j—1lnr j—2,nr j,nr
Proof. The result follows, as explained in Section 1.3, from the derived couple associated to the couple
from Lemma 5.8. With the aim of making the involved maps explicit, we spell out the argument in
some detail in what follows. ‘
Let [¢] € E"™ (X, A(n)) with € € @ ey H (z) and 9 0 1,(£) = 0. By Lemma 5.8, the condition
00 1.(§) =0 is equivalent to
1€ € FIT Y X).
If £ = o ,(C) for some ¢ € @ e x-nH (), then
t+€ =1,000,(0) =0

by the exactness of the Gysin sequence. It follows that there is a well-defined map

(7.20) E"(X, A(n) — Hi Y (X, A(n), [€]— 1.

Any class in the image of this map lies in the kernel of

(7.21) Hy (X, An) — HiT (X, An)

because ¢.£ vanishes when restricted to Fj_1 X by Lemma 5.8. Conversely, any class a € H;fjﬂ (X, A(n))
in the kernel of the above restriction map is by Lemma 5.8 of the form a = 1.§ for some § €
Grexi Hi(z). The fact that o € Hﬁﬁ] (X, A(n)) C HF%(F;X, A(n)) is unramified implies 9o 1, (£) =

0, and so « lies in the image of (7.20). Hence, the composition of (7.20) and (7.21) is exact.

Let now [¢] € B} (X, A(n)) with € € @, ¢ x() H'(z) and dor,(€) = 0 be a class in the kernel of (7.20).
By the exactness of the Gysin sequence, this means that £ = da for some a € H 2771 (F;_1 X, A(n)).
Hence, the natural sequence

(7.22) HP27H(F 1 X, A(n)) =% EY™(X, A(n)) - HT¥(X, A(n))
is exact. The image of
Lt Bpexi-n H T @, A(n — j + 1)) — HT2 1 (F;_1 X, A(n))
lies in the kernel of the first map in (7.22) by the definition in (7.19). By the Gysin sequence, it follows
that (7.22) descends to an exact sequence

(7.23) HEZ1(X, A(n) 2> B (X, A(n)) =5 HA2 (X, A(n)),
Let [a] € H;J_r?n;l (X, A(n)) with a € H""2/71(F;_1 X, A(n)) and assume that
da=0e EJ" (X, A(n)).

This means that there is a class ( € ®,cx-1»H " (z) with d(a — 1.¢) = 0. Hence, up to replacing «
by a — t.(, we may assume da = 0 and so

[a] € FITH™2I7Y(F;_5 X, A(n)).
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Conversely, any class in F/ Ht2~1(F;_, X, A(n)) clearly maps to zero in H7(X,H%7(A(n))). Hence,
the kernel of the first map in (7.23) agrees with the image of the canonical restriction map

H?”j*l(X’A(n))HH”Zj*l(XaA(n))'

j—1lnr j—2,nr

This concludes the proof of the proposition. O

Corollary 7.36. Let ¢ > 0 be a non-negative integer. Let X € V with d := dim X and assume that for
any v € X(j, Hi(x,,u?.") =0 fori > j+ c. Then there is a canonical isomorphism

BYUX, ) = HG (X pr).

j,nr

Proof. Our assumption implies by Corollary 5.11:

H:, (X,A(n))=0 forallj<i—d—c

J.nr

The result in question is then an immediate consequence of Proposition 7.35. O

Remark 7.37. The condition in Corollary 7.36 is satisfied for ¢ = 0 if k = C and the underlying coho-
mology theory is singular/étale cohomology. It is also satisfied if k has finite cohomological dimension
c and the cohomology theory is twisted £-adic pro-étale cohomology, which for finite coefficients agrees
with étale cohomology and so H'(z, us") identifies by [Mil80, p. 88, I11.1.16] to the Galois cohomology of
the residue field x(x). In both cases, Eg’d"rc(X, u%") coincides by definition with Kato homology of X,
see [Kat86, KeSal2, Tia20]. Corollary 7.36 thus shows that Kato homology is a special case of refined
unramified cohomology.

8. COMPARISON TO BLOCH’S MAP

In [Blo79], Bloch constructed an Abel-Jacobi map on torsion cycles in the Chow group of smooth
projective varieties over algebraically closed ground fields. Bloch’s map induces a transcendental Abel-
Jacobi map on torsion-cycles in the Griffiths group of such varieties and we aim to show in this section
that Bloch’s map agrees with the map that we constructed in Section 7.5 (applied to the cohomology
theory from Proposition 6.6 in the case where k = k is algebraically closed and X is smooth projective).

In contrast to Bloch’s map, the transcendental Abel-Jacobi map that we defined in Section 7.5 works
for arbitrary algebraic schemes over a field. This is crucial for the construction of the higher Abel-Jacobi
maps in Section 7.9.

8.1. {"-torsion in Chow groups. Fix a prime ¢ and an ¢-adic twisted Borel-Moore cohomology theory
H*(—, A(n)) on a constructible category of Noetherian schemes V with coefficients in a full subcategory
A C Modgz,, as in Definitions 4.2 and 4.4. For X € V, x € X there are isomorphisms H%(z, A(0)) ~ A
that are functorial in A. Moreover, there is a distinguished class [z] € H?(z,Z,(0)) and we denote the
image of that class in H°(z, u3°) by the same symbol, so that H°(z, u3’) = [2]Z/¢". For any X € V,
properties (P1)—(P3), (P5), and (P6) thus imply the existence of the following commutative diagram
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with exact rows (cf. [Blo79, (2.1)]):

* Xer *
B.cxin K@) ®zZe —— B exi-v K(x)* @ L — B yexion K@)/ (k(2)) ——0

S 5

X"
B.cxi-n H (2,24(1)) —— B, cxii-1 H (@, Ze(1)) ——— D, c xi-1 H' (z, p!) —— 0

Doty oLy J{aOL*
r

é T
I @, o) — s @, e B0 WIZE ————0
CH'(X)z, 2 CH'(X)z,
A (X)z, X AY(X)z,

The following is motivated by [Blo79, §2].

Lemma 8.1. For any X € V, there are canonical isomorphisms

ker (8 © Ly : Dyexi-n H'(z, N%vl) — Doexo [x]Z/ET)

. CHY (X)) [T =
¢ o1l ker (Dot oe: @, cxi-n k()" @z Zi— Dyexi [%]Ze)

and
LAt r ~ ker (8 O byt @zex('ifl) Hl (37, M%“l) @zex(i) [l‘]Z/[,)
ker (8 oLy : @xeX(i_l) HY(z,Z(1)) — GaxeX(i) [m]Zg)

Proof. Note that the first arrow in the third row of the above diagram is injective, while the last arrows
in the first two rows are surjective by property (P6). The result is therefore an immediate consequence
of the snake lemma and the presentation of CH'(X)z, in Lemma 7.1, respectively the definition of
A¥(X)z, in Definition 7.2. O

8.2. The case of smooth projective varieties over algebraically closed fields. In this section
we assume that k is an algebraically closed field, ¢ is a prime that is invertible in £ and V denotes the
category of separated schemes of finite type over k. Let A C Mody, be the full subcategory spanned
by Z¢,Qe,Q¢/Zy and Z/¢" for all r > 1. We further fix the ¢-adic twisted Borel-Moore cohomology
theory on V with coefficients in A given by Proposition 6.6, cf. Definitions 4.2 and 4.4. We also note
that (P7.1) holds true by Proposition 6.6, as k is algebraically closed.

If X €V is regular and equi-dimensional, then

H'(X, A(n)) = Hippy(Xer, A(n)) = H'(Xer, A(n))

where the first isomorphism comes from Lemma 6.5 and the second isomorphism uses that k is alge-
braically closed, so that continuous étale cohomology of algebraic schemes over k coincides with usual
étale cohomology, as the R! lim term in (6.1) vanishes in this case by finiteness of the corresponding étale
cohomology groups, cf. [Jan88]. (As usual, étale cohomology with Z,-coefficients has in the above for-
mula to be understood as inverse limit lim H*( X, p?ﬁ") and cohomology with Q; or Q/Z, coefficients
is as usual defined by asking that (P4) holds.)

Bloch [Blo79] used Bloch—Ogus theory [BO74] and the Weil conjectures, proven by Deligne [Del74],
to construct a map

(8.1) A CHY(X)[(°°] — H? 71X, Qp/Z (7))
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which agrees with the Abel-Jacobi map on homologically trivial cycles in the case where k = C, see
[Blo79, Proposition 3.7]. To give a description of Bloch’s map in the present context, we need the
following.

Lemma 8.2. Let k be an algebraically closed field and let £ be a prime that is invertible in k. Let X be
a smooth projective variety over k. Then the image of

ker [ Qotso0e€: @ k()" — @[x]Zz ®z Ly

zeX(-1) 2EX @)
via the composition
P k@) ez -~ @ H'(.2Z(1)) = B N(Fo1 X, Z(i))
reX(—1) reX(i—1)

15 torsion.

Proof. Our proof is similar to [Blo79, Lemma 2.4] but we avoid Bloch-Ogus theory.
Let £ € @, cxi-n K(x)" @z Zg with 0(1.(e(§))) = 0. By Lemma 5.8, we get
te(e(8)) € FIH* Y (F; 1 X, Zo(3)) ~ H* 1 (X, Zy(3)).

If k is the algebraic closure of a finite field, then X and & are both defined over F, for some finite
field F, C k. In particular, X = X, xp, k and the Frobenius F (given by z+——z9 on X and by id on
k) satisfies

F(1(e(€))) = ta(e(§)) = g 1 (e(E))-
Since X is smooth projective, the Weil conjectures [Del74] imply that ¢ cannot appear as an eigenvalue
of the action of F on H*~1(X,Qy(i)) and so t.(e(£¢)) must be torsion, as claimed.

If k is not the algebraic closure of a finite field, then the result in question follows from spreading
out the problem over a finitely generated field, which allows us to specialize to a finite field and so the
smooth proper base change theorem yields the result. This proves the lemma. O

Taking the direct limit of the isomorphisms from Lemma 8.1, we obtain an isomorphism

; o1 = ker (Dou @, cxin H (2,Qu/Zi(1)) = B,exio [£]Qe/Zy)
: CHY(X)[*°] — .
¢ (1] ker (80t 0€: @ cyi-n k(@) @2 Qr = Byexo [2]Qe)

Proposition 8.3. There is a well-defined map
N o CHY(X)[0°°] — H* 71X, Qu/Z4 (i),

given by
N(@7H([€]) = —uu€ € FPH* "N (Fio1 X, Qu/Ze(i)) = H* (X, Qe/Ze(0)).
Proof. The natural map
H* (X, Zo(0))tors — Limy H*H(X, pgtt) = H2' (X, Qo /Zo (i)

is zero. Lemma 8.2 thus implies that for any £ € @, oy i-1) K(2)* ®z Q¢ with (e, (€(£))) =0,
L(€(€)) € FUHY N (Fioa X, Qu/Ze(i)) = H* (X, Qe/Z(1))

vanishes. This concludes the proof. O

The minus sign in Proposition 8.3 is necessary to make our definition compatible with \i. defined in
Section 7.5; a similar sign issue was noticed by Bloch, see [Blo79, p. 112].

Lemma 8.4. The map X constructed above coincides with the map (8.1) constructed by Bloch: A = X .
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Proof. This follows directly from Lemma 5.12 by comparing our construction with Bloch’s construction
via diagram (2.2) in [Blo79], where we recall that Bloch included the minus sign in [Blo79, p. 112]. O

As mentioned above, since k is algebraically closed, (P7.1) holds true. Lemma 7.5 thus implies
A}(X)z, = Grift' (X) @z Zy
is the group of homologically trivial codimension ¢ cycles with coefficients in Z, modulo algebraic equiva-

lence. In particular, Aj(X)[(>°] = Griff’(X)[£>°] is the group of classes in Griff’(X) that are annihilated
by some power of £.

Proposition 8.5. Let k be an algebraically closed field and let X be a smooth projective variety over k.
The map

H* (X, Qu/Ze (7))

Ni—TH2i=1(X, Q,(i))

constructed in Section 7.5 is induced by Bloch’s map in (8.1) and hence agrees with the transcendental
Abel-Jacobi map if k = C.

AL Griff (X)[0°] —

Proof. If k = C, then Bloch’s map agrees with the Abel-Jacobi map on torsion cycles, see [Blo79,
Proposition 3.7]. It thus suffices to show that Ai. from Section 7.5 is induced by Bloch’s map in
(8.1). For this, let z € @, xx [r]Z¢ be a homologically trivial cycle. Then da = z for some a €
H?*=Y(F;,_1X,Z(i)). Assume that z is £"-torsion modulo algebraic equivalence. As in Section 7.5, we
find classes 5 € H* (X, Z(i)) and & € @, xu-1) H' (2, Z(i)) with

B="L"a—1&€FH" N F_1X,Zi)).
In particular, 9 o ¢, (§)/€" = z and so ¥, ([z]) = [£/€"], where 1, is the isomorphism from Lemma 8.1.
By our construction of Bloch’s map, we thus find
Ml2l) = N ([2]) = —0.8/07 € FUH* " (Fim1 X, Qu/Z4(i)) = H* (X, Qo/Zy(0)).
On the other hand,
Mo ([2]) = [8/€7] € H¥ 71X, Qe/Zo(0) /N HPH(X, Qu(4))
by our construction of A, in Section 7.5. The result thus follows from the fact that
BI + 1,/ =a=0¢c H* Y F_1X,Q¢/Z(i)),

because « is an integral class. This proves the proposition. O

9. PROOF OF MAIN RESULTS ({-ADIC)

9.1. {-adic twisted Borel-Moore cohomology. Fix a field k and a prime ¢ that is invertible in k.
Let V be the category whose objects are separated schemes of finite type over k and such that the
morphisms are given by open immersions of schemes of the same dimension. This is a constructible
category of Noetherian schemes as in Definition 4.1. Let A C Mody, be the full subcategory with
objects Z¢, Qp,Q¢/Ze and Z/¢" for all r > 1. By Proposition 6.6, ¢-adic pro-étale Borel-Moore coho-
mology H*(—, A(n)) as defined in (6.13)—(6.15) is a twisted Borel-Moore cohomology theory on V with
coefficients in A which is f-adic if k is perfect, see Definitions 4.2 and 4.4. In particular, all results from
Section 5 and 7 hold true in this set-up. Here we recall that for ¢ > 1:

_ HY(X o o NI CHY(X
(9.1) ANX)g, = M and N7AY(X)z, = NVAY(X)z, = M
Ni=1CH'(X)g, Ni=1CH'(X)g,

for 0 < j < i—1, see Lemma 7.4. Moreover, Lemma 7.5 implies that Aj(X)z, = Criff'(X)z, if k
is algebraically closed and A} (X)z, = ker(cly) C CH'(X)gz, if k is the perfect closure of a finitely
generated field.
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Lemma 9.1. In the above notation, assume in addition that X is smooth and equi-dimensional. Then
the cycle class map

clly : CHY(X)z, — H*(X, Z4(i)),

constructed in (7.1) coincides with Jannsen’s cycle class map in continuous étale cohomology from
[Jan88].

Proof. By Lemma 6.8 and the topological invariance of the pro-étale topos (see [BS15, Lemma 5.4.2]),
we may replace k by its perfect closure and assume that k is perfect. Let X be a smooth variety over
k. By Lemma 6.5, H*(X, A(n)) agrees with the corresponding continuous étale cohomology group. The
cycle class map in (7.1) is defined via the Gysin pushforward, where one uses excision to reduce to the
case of a cycle whose support is smooth. Our claim thus follows from [Jan88, Remark 3.24]. |

9.2. Proof of Theorem 1.8.

Proof of Theorem 1.8. We use the notation from Section 9.1 and claim that it suffices to prove Theorem
1.8 after replacing k by its perfect closure kP¢". Indeed, this does not change f-adic Chow groups by
Lemma 6.8 and it does not change the (pro-)étale topos (see [BS15, Lemma 5.4.2]), so that H*(—, A(n))
remains unchanged by passing from & to kP<".

We may and will thus from now on assume that k is perfect, so that H*(—, A(n)) is an ¢-adic twisted
Borel-Moore cohomology theory on V by Proposition 6.6. For any X € V, we thus get a cycle class map

cl : CHY(X)z, := CH(X) ®z Z¢ — H* (X, Z(3)),

constructed in Section 7.2. If X is smooth and equi-dimensional, then, by Lemma 6.5, H*(X,Z;(n)) ~
H,«(Xs, Zo(n)) agrees with Jannsen’s f-adic continuous étale cohomology groups, see Section 6.1.1.
It follows from the construction of cl via the Gysin sequence (see (P2)) that if X is a smooth variety,
then cle agrees with Jannsen’s cycle class map (see Lemma 9.1).

Recall from Definitions 7.2 and 7.10 the groups A*(X)z, and A%(X)z, and recall the description from
(9.1) (that we used as definition in the introduction).

Item (1) in Theorem 1.8 is then a consequence of Theorem 7.7 and Proposition 7.11.

By Section 7.5, there is a map
Xy + AG(X)[€] — H* 71X, Qo /Ze () /N H*7H(X, Qu(2)),

where N7H'(X, A(n)) := ker(H'(X, A(n)) — H'(Fj_1X, A(n))). If k is algebraically closed and X is
smooth projective, then this map agrees by Proposition 8.5 with Bloch’s transcendental Abel-Jacobi
mapping on torsion cycles from [Blo79] (cf. Section 8). Item (2) thus follows from Theorem 7.19 and
Proposition 7.16. This concludes the proof of Theorem 1.8. 0

9.3. Proof of Theorem 1.5. The following lemma shows that in our set-up, the result of Theorem
7.30 holds true whenever k contains all f-roots of unity.

Lemma 9.2. In the notation of Section 9.1, the following holds. Then for any X € V and any i and
n, H'(FoX,Z¢(n)) is torsion-free if one of the following conditions holds:

(1) n=1i—1;

(2) k contains all £-power roots of unity.

Proof. By additivity of the cohomology functor (see Lemma 5.6), we may assume that X is irreducible
with generic point nx € X. If k contains all /~power roots of unity, H*(Fo X, Ze(n)) ~ H (Fo X, Zi(i—1))
for all ¢ and n. It thus suffices to prove the lemma under assumption (1). Since X is irreducible,
HY(FyX,Ze(i — 1)) = H'(nx,Ze(i — 1)) and so the claim follows from Remark 5.14 and Voevodsky’s
proof of the Bloch-Kato conjecture [Voell]. O
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By (7.17) there is a higher Abel-Jacobi mapping
(9.2) Nt NTAR(X)[0°] — T,

jitr

(X)[e]
where N* denotes the coniveau filtration on A(X)[¢>°] from Section 7.8.

Theorem 9.3. Let X be a separated scheme of finite type over k. Let i > 2 and assume that one of the
following holds:

(1) k contains all L-power roots of unity, or
(2) i=2.
Then for all 0 < j < i — 2, we have

NI+HLAL(X)[0] = ker ()\

g,tr

FNTAG (X)) = T (X) 67T
Proof. We aim to apply Theorem 7.30. To this end we need to ensure that for any closed subscheme

Z C X, H*=)=YFyZ,Zy(i — 7)) is torsion free. By Lemma 9.2, this condition is satisfied if k contains
all £-power roots of unity, or if 4 = 2 and j = 0. This concludes the proof. O

We are now in position to proof Theorem 1.5, which follows from the following slightly stronger result.
Theorem 9.4. Let X be a separated scheme of finite type over a field k and let ¢ be a prime invertible
in k. Let i > 2 and assume that one of the following holds:

(1) k contains all L-power roots of unity, or
(2) i=2.
Then for all 0 < j < ¢ — 2, we have

~t

NI+ CHE (X)[6%] = ker (Am . N9 CH (X)[¢] — 7;'.,”()()[600]) .

Proof. By (9.1),

Aj(X)[°] = N° CH!(X)z, /N'~' CH!(X),.
The higher transcendental Abel-Jacobi mapping from (7.17) thus yields for 0 < j < i — 2 mappings
HY251(2,Qu/Za(i — j)

Xyt NI CHY(X)[0°) — T, (X)[6°] = i _ L
J,t ( )[ ] j,t( )[ ] %{Nngz,gJ,l(Z,Qz(l_]))

where Z C X runs through all closed subschemes with j = dim X — dim Z. Theorem 9.3 then implies
that for 0 < j < — 2, the kernel of the above map is given by N9+ CH'(X)[¢>°], as we want. O

9.4. Applications of Theorem 1.5 and 9.4. The simplest (non-trivial) consequence of Theorem 9.4
is as follows.

Corollary 9.5. Let X be a smooth equi-dimensional algebraic scheme over a finitely generated field k.
Let £ be a prime invertible in k and let CH{(X)[¢>°] denote the group of £-power torsion cycles with
trivial cycle class in Jannsen’s continuous £-adic étale cohomology. Then there is a canonical injection

Nw t CHO(X)[0%) = H o (X at, Qe/Ze(2)) /N Hopy (X et Qe(2)).

Corollary 9.5 should be compared to a result of Merkurjev—Suslin [MS83, §18], who showed that
Bloch’s Abel-Jacobi mapping on ¢-power torsion cycles on smooth projective varieties over algebraically
closed fields [Blo79] is injective on codimension 2 cycles. Corollary 9.5 has previously been proven in
the particular case where k = F, is a finite field and X is smooth projective in [CTSS83, Théoreme
4] (in fact, loc. cit. proves that CH3(X)[(>°] = 0 in this case; this also follows from our set-up, see
Proposition 7.16 and note that H3, ,(Xet, Qo(2)) = H?(Xet, Qe(2)) = 0 for weight reasons, cf. [CTSS83,
p. 780-781]).
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Proof of Corollary 9.5. By the same argument as in the proof of Theorem 1.8, we may replace k by its
perfect closure and hence assume that & is the perfect closure of a finitely generated field. The result
then follows from Theorem 1.5 (or Theorem 7.19) together with the fact that A3(X)z, = CHZ(X)z, if
the ground field % is (the perfect closure of a) finitely generated, see Proposition 6.6 and Lemma 7.5. O

Let X and Y be smooth projective equi-dimensional k-schemes. A cycle I' € CHU™ X (X xY) yields
actions on Chow groups that are compatible with the cycle class maps in continuous étale cohomology.
Hence we get an action ', : N CH(X)[¢(*] — NOCH'(Y)[¢>]. Similarly, there are actions T, :
H!,(Xe, A(n)) = H.,,,(Yer, A(n)) for A € {Q¢/Z¢,Qq}. The latter respect Grothendieck’s coniveau

filtration N*, as can be checked with the help of a moving lemma (see e.g. [Lev05, Theorem 2.13]). We
conclude that correspondences act on source and target of the map

Abr  NO CH(X)[0%°] — Hegnd (X, Qe/Zo(i)) /N~ H g (X, Qo))

cont cont

induced from the map in Section 7.5 (cf. Lemma 7.4). We will show in [Sch22] that these actions are
compatible with the map .. The case i = 2 is simpler, and we give a direct proof in the following
lemma.

Lemma 9.6. Let X,Y be smooth projective equi-dimensional k-schemes and let T' € CHdimX(X xY).
Then the following diagram commutes:

2
>\t7‘

Ag(X)[ZOO] Hg)ont(Xa QE/ZZ(Q))/NIHEOM&(X; Q£(2))

AV — 2 H3 (Y, Q) Ze(2)) [NV HS, (Y, Qe(2)).

Proof. By the description of \i. from Lemma 7.15, it suffices to show that the isomorphism
A3 (X)z, =+ Hpo (X, Z0(2))/H? (X, Z(2))

from Proposition 7.11 is compatible with the action of correspondences. Since X is smooth and equi-
dimensional, the Gersten conjecture [BO74, CTHK97] identifies H32, (X, Z(2)) with the global sections
of the corresponding Bloch-Ogus sheaf, associated to U+— H3  .(Ue,Z¢(2)). This description makes
it easy to define an action on unramified cohomology, cf. [CTV12, §9, Appendice], (an action in a more
general setting has been constructed by Rost [Ros96]). Using this description one readily checks that

the above isomorphism is compatible with the action of cycles, which concludes the lemma. |

Corollary 9.5 implies for instance the Rost nilpotence conjecture for surfaces up to inverting the
exponential characteristic, originally due to Gille [Gill0, Gill4] and with an alternative proof due to
Rosenschon—Sawant [RoSal8]:

Corollary 9.7. Let X be a smooth projective equi-dimensional scheme over a field k with base change
X = X Xy k, where k denotes an algebraic closure. Let I € CHY™X(X x X) and assume that the base
change T =T Xy, k acts trivially on H (X, Qu/Z¢(2)) for i < 3. Then the action

eV . CH?(X)[(°°] — CH?(X)[¢>]
is zero for N > 10.

Proof. A straightforward limit argument reduces us to the case where k is finitely generated. (This
uses that étale cohomology does not change under algebraically closed field extensions.) By Lemma
9.6 and Corollary 9.5, it thus suffices to show that I'°® acts trivially on HZ (X, Z(2))[(>°] and on
H2 . (Xet,Qe/Ze(2)). The Bockstein sequence yields a canonical surjection

cont
H i (Xet, Qe/Z0(2)) — Hipy(Xet, Ze(2))[07°]
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that is compatible with the action of correspondences. It thus suffices to show that ' acts trivially on
Hg)ont(Xéta Q[/Zg(Q)) Note that Hgont(Xéta QZ/Z€(2)) = colim, Hgont(Xét’ ,U,%??) and Hgont(Xétv }LZ@?) =
H3(Xe, u$?), cf. [Jan88, (3.1)]. The assertion in question thus follows from the fact that the Hochschild-
Serre spectral sequence for étale cohomology (see [Mil80, p. 105, IT1.2.20]) is compatible with the action
of correspondences. (In the last step, we are implicitly working with the separable closure of k£ and not
with the algebraic closure; this is possible because neither Chow groups nor étale cohomology change
by purely inseparable field extensions, see Lemma 6.8.) O

Recall that the exponential characteristic e of a field k is 1 if char k = 0 and p if p = chark > 0.

Corollary 9.8. Let S be a smooth projective scheme of pure dimension 2 over a field k of exponential
characteristic e. Let T € CH?(S x,, S) be a correspondence with base change T € CH?(Sy. 1, Si) to the
algebraic closure k of k. Assume that T is torsion and homologically trivial in (-adic étale cohomology
for any prime £ invertible in k. Then up to inverting e, the composition T°N is zero for N > 11.

Proof. A standard norm argument shows that I' is torsion. By the Chinese remainder theorem, we may
assume that I' is {"-torsion for some integer r > 0 and some prime ¢ invertible in k. Let X := 5 x S.
The assumptions imply that there is a correspondence € € CH4(X x X)[¢>°] which is homologically
trivial over k and such that Q2V(T") = I'°N+1. The assertion thus follows from Corollary 9.7. O

Remark 9.9. Up to inverting the exponential characteristic, Corollary 9.8 is slightly stronger than the
original conjecture of Rost for surfaces, proven in [Gill0, Gill4, RoSal8]. Indeed, we are only asking that
T is torsion and homologically trivial, while the original formulation asks that T is rationally equivalent
to 0 over k (or equivalently over some field extension of k).

10. PROOF OF MAIN RESULTS OVER C

10.1. Integral twisted Borel-Moore cohomology. Let V be the category whose objects are sep-
arated schemes of finite type over C and such that the morphisms are given by open immersions of
schemes of the same dimension. This is a constructible category of Noetherian schemes as in Definition
4.1. Let A := Mody and define for X € V and A € A,

H'(X, A(n)) == Hag ;(Xan, A(dx —n)),

where dx := dim X and HPM denotes Borel-Moore homology and X,, denotes the analytic space that
underlies X and A(n) := A ®z (2m9)"Z denotes the n-th Tate twist of A. By Proposition 6.9, H*
defines an integral twisted Borel-Moore cohomology theory that is adapted to algebraic equivalence,
cf. Definition 4.6. It follows that all results from Sections 5 and 7 hold true in the above set-up if we
formally make the replacements Zy ~~ Z, Qg ~> Q, £" ~» 7, and [(*°] ~ tors.

10.2. Proof of Theorem 1.6.

Proof of Theorems 1.6. We use the notation from Section 10.1. Performing the aforementioned formal
replacements Zy ~ Z, Qg ~» Q, 7 ~» 7, and [(*°] ~ ors, Lemma 7.5 shows that A}(X)z = Griff’(X)
is the group of homologically trivial cycles modulo algebraic equivalence. The arguments in Section 7.5
yield a map

(10.1) AL Griff (X ) sors — i (X )tors == H* 71X, Q/Z(i)) /N H* =1 X, Q(d)),

where N7H'(X, A(n)) := ker(H (X, A(n)) — H'(F;_1X, A(n))). If X is smooth projective, we claim
that this map agrees with Griffiths transcendental Abel-Jacobi map restricted to torsion cycles. By the
Chinese remainder theorem, it suffices to show this for classes that are ¢-power torsion for some prime
£. In this case our map identifies by Proposition 8.5 with Bloch’s map, which in turn identifies with
Griffiths map by [Blo79, Proposition 3.7].



54 STEFAN SCHREIEDER

Theorem 1.6 follows now as above from Theorem 7.7, Proposition 7.11, Theorem 7.19, and Proposition
7.16 (after performing the formal replacements Zy ~~ Z, Qg ~» Q, £" ~> r, and [(*°] ~ o). This
concludes the proof of Theorem 1.6. ]

10.3. Proof of Theorems 1.1 and 1.4, and Corollaries 1.2 and 1.3.

Lemma 10.1. In the notation of Section 10.1, for any X € V and any i and n, H (FoX,Z(n)) is
torsion-free.

Proof. By additivity of the cohomology functor (see Lemma 5.6), we may assume that X is irreducible
with generic point nx € X. By definition, H*(Fy X, Z(n)) ~ H*(FoX,Z(i — 1)) for all i and n. Since X
is irreducible, the latter coincides with H*(nx,Z(i — 1)) and so the claim follows from Remark 5.14 and
Voevodsky’s proof of the Bloch—-Kato conjecture [Voell]. O

Proof of Theorem 1.4. Theorem 1.4 follows with help of Lemma 10.1 via the same arguments as in the
proof of Theorem 1.5. This requires as in Theorem 1.6 the formal replacements Z, ~~ Z, Qp ~~ Q,
L7~ 1o and [€%°] ~» tors In Section 7. |

Proof of Theorem 1.1. This is a consequence of Theorem 1.4 together with the fact that \i. factorizes
for smooth projective varieties through Bloch’s Abel-Jacobi map for torsion cycles, which in turn agrees
with the Abel-Jacobi invariants due to Griffiths in that case, see Proposition 8.5. The assumption ¢ > 2
is needed, because the assertion in Theorem 1.4 is empty for i = 1. a

Proof of Corollary 1.2. By Theorem 1.1, the n-torsion of N° CHi(X)torS/N1 CHZ'(X)tOrs injects into the
n-torsion of a quotient of H*~1(X,Q/Z), hence is finite. Moreover, the cycle class map yields an injec-
tion of CH'(X)/N° CH'(X) into H*(X,Z) and so the n-torsion subgroup of CH*(X )tors/N® CH* (X )tors
must be finite as well. Altogether we conclude that the n-torsion subgroup of CH* (X )tors /N CH (X )tors
is finite, as claimed. O

Proof of Corollary 1.3. This is an immediate consequence of Theorem 1.1. |

10.4. Applications of Theorem 1.4. For a complex algebraic scheme X, we recall that the coniveau
filtration N7 on Griff’(X) is defined by saying that a cycle z € Griff’(X) lies in N7 if and only if
there is a closed subset Z C X with j = dim X — dim Z and a homologically trivial cycle z’ on Z such
that z agrees with the pushforward of 2/, cf. Definition 7.3. This yields a finite decreasing filtration on
Griff'(X) with N*=! = 0, cf. Lemmas 7.4 and 7.5.

Corollary 10.2. Let X be a separated scheme of finite type over C. Then
Griff" (X)iors = N Griff' (X)pors = - - - = N7 Grift* (X )ors  for all j < 2i — 1 — dim X.

Proof. We use the notation from Section 10.1. Proposition 7.16 implies that for any separated scheme
X of finite type over C, we have

lm(;\l ) _ Ni_lHQi_l(Xv Q/Z(l))dw
WS TNEXQ)

where H?* Y X,Q/Z(i))aw = im(H* 1(X,Q(:)) — H* 1(X,Q/Z(i))). Since affine varieties have
no cohomology in degrees greater than their dimension, and because H'(X, A(n)) depends only on
the underlying reduced scheme and agrees with singular cohomology if X is smooth, we find that
NTH?=1(X,Q(i)) = H* Y(X,Q(i)) for 2i — 1 > dim X and so im(\},) = 0 for 2i — 1 > dim X. Tt

follows that im(Aj,,.) = 0 for 20 —2j — 1 > dim X — j, ie. for j < 2i —1 — dim X. Theorem 1.4
thus implies that N7+ Griff (X )iors = N7 Griff’ (X )gors for j < 2i — 1 — dim X, which proves Corollary

10.2. ]
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10.5. Algebraic cycles and traditional unramified cohomology in arbitrary degree. For j > m,
there is a canonical restriction map

(10.2) H: (X, A(n))— H. (X, A(n)).

j,nr m,nr

Recall from Section 5 that we denote its image by F/*'H} (X, A(n)). We describe the effect of
applying the restriction map (10.2) to Theorem 1.6 next.

Corollary 10.3. Let X be a separated scheme of finite type over C. Then for any 0 < j < i— 2, there
are canonical exact sequences

FUHT L, (X, Q/2()

lim Z7(2)sors — ZH(X )gors —r ———2—10" —0,
- ( )tO S ( )tO S Fz_lHJQiE}nT(X7Q(Z))

L PUEN (200
lim Gri (Z2)— Grift"(X) — HZ-1(X, (7))

FI2HESE (X, Q/20)

—0,

lim 799 (Z) — TH(X) —s - L 5
iy T2 =T 0 = G212 (%, Q)

where in the direct limits, Z C X runs through all reduced closed subschemes of X with dim(X) —
dim(Z) = j.

The above corollary is particularly interesting for j = 1. In this case the refined unramified coho-
mology groups above agree with traditional unramified cohomology H},.(X,A(n)) = Hj ,.(X, A(n)).
The corollary then identifies certain graded pieces of traditional unramified cohomology with certain
birationally invariant quotients of the above cycle groups. In particular, non-trivial elements in certain
pieces of the F* filtration on traditional unramified cohomology H},.(X, A(n)) = Hj{ (X, A(n)) de-
tect exactly those cycles on X that are not supported in codimension 1 in the sense that they are not
pushforwards of the respective cycle groups on some divisor on X. This improves some results obtained
independently by Ma in [Ma20].

Proof of Corollary 10.3. The corollary follows from Theorem 1.6 and Corollary 5.9. We give some details
for Griff’(X); the other cases are similar.

We use the same notation as in the proof of Theorem 1.6 and fix the integral twisted Borel-Moore
cohomology theory H*(—, A(n)) on separated schemes of finite type over C from Proposition 6.9. By
Theorem 1.6, there is a canonical isomorphism

Griff" (X)) ~ H*J1 (X, Z(i))/H* (X, Z(1)).

i—2,nr

By Corollary 5.9, for any 0 < j <4 — 1, there is a canonical exact sequence

lim HE) (2,20 - §) 5 HYG L, (X 200) — F HS (XL 2() —0,
where the direct limit runs through all closed reduced subschemes Z C X of dimension dimZ =
dim X — j. Here the first map is induced by the pushforward map with respect to Z — X and the
second map is the canonical restriction map. The latter is surjective by definition of the filtration F™*
(see Definition 5.3).
The above sequence induces a sequence

2(i—7)— . . i— 3 - i .
lim Hiﬁjj;’"}"(z’z(l — j)) L Hi272,1nr<X’Z(z)) — F* IHJZ*l,lnr(X7Z(’L))

== H2G-D-1(Z,Z(i — 7)) - H2-1(X, 7(i)) H¥=1(X, Z(i))

—0,
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and one directly checks that this sequence remains exact. By Theorem 1.6, this sequence identifies to
an exact sequence

. crt—j L ot Fi_lszi_l,lnr(X7 Z(Z))

h‘m> Grift*™(Z) = Grift"(X) — HZ-1(X, 20 —0.
It follows from the functoriality of the Gysin sequence with respect to proper pushforwards (see (P2))
that the first map above agrees with the pushforward of cycles induced by Z < X. This concludes the
proof of the corollary. O

Remark 10.4. Theorem 1.8 together with Corollary 5.9 implies analogues of Corollary 10.3 over arbi-
trary fields. We leave it to the reader to formulate and prove those results.

10.6. Applications of Theorem 1.6. If X is an integral scheme over C, we write in this section

H'(C(X),A) := H' (R X, A) = lim H'(U, A),
PAUCX
which is consistent with some of the notation used in the literature (see e.g. [CTV12, Voil2]). The above
group is the cohomology of the generic point of X as defined in (4.2). If A = Z/¢" or A = Q/Z, this
group coincides by [Mil80, p. 88, III.1.16] with the corresponding Galois cohomology group of the field
C(X).
We will need the following result that is proven with methods from [Sch19].

Proposition 10.5. For any positive integer n, there is a smooth projective unirational variety Y of
dimension 3n over C such that the composition

H*(Y,Z/2) — H*(C(Y),Z/2) — H*(C(Y),Q/Z)
is monzero for alli=1,...,n.

Proof. By the proof of [Sch19, Theorem 1.5], there is a unirational smooth complex projective threefold
T together with a morphism f : T — P? whose generic fibre is a conic, such that the following holds:
e the class a = (z1/wo,22/70) € H?(C(P?),Z/2) has the property that f*a € HZ.(T,Z/2) is
unramified and non-trivial;
e there is a specialization Ty of T such that the specialization f, : To — P2 of f has the property
that its generic fibre has a C(PP?)-rational point in its smooth locus.

Let us now consider Y := T™, which is a smooth complex projective variety of dimension 3n that is
unirational. Let pr; : Y — T denote the projection onto the j-th factor and consider the class

yi == pr} ffaUprs ffaU---Upr f*a € H*(C(Y),Z/2).

Since « is of degree two, the unramified class f*a admits a lift to a class in H?(T,Z/2), see Corollary
5.10. Hence, v; admits a lift to a class in H?(Y,Z/2) and so

v € FUHZ(Y, Z/2).

It remains to show that the image 7] of v; in H*(C(Y),Q/Z) is nonzero for all i = 1,...,n. By
construction of the class v;, it suffices to prove that 7/, is nonzero and our argument is similar to the
proofs of [Sch19, Proposition 6.1] and [Sch21a, Theorem 5.3(3)].

Assume for a contradiction that v’ := ~/, is zero in H?"(C(Y'),Q/Z). Let us then specialize T to Tp.
Then Y specializes to a projective variety Yy together with a morphism Yy — (P?)" whose generic fibre
admits a rational point in its smooth locus. The specialization 7/, of 4" vanishes, because + vanishes by
assumption. It follows that the restriction of 4{ to the rational point in the smooth locus of the generic
fibre of Yy — (P?)™ is zero. This restriction in turn computes explicitly as the image of

prjaUpr;aU---Uprha € H*" (C((P*)"),Z/2)
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in H*"(C((P?)"),Q/Z). But this class is nonzero, as one can check by computing successive residues.
This is a contradiction, which concludes the proof. O

10.6.1. Integral Hodge conjecture for uniruled varieties. Recall that for any algebraic scheme X of dimen-
sion d over C, there is a cycle class map cly : CH'(X) — H*(X,Z), where H (X, A) :== HEM (X5, A).
We denote its cokernel by Z?(X) := coker(cl’y).

Theorem 10.6. For anyn > 1, there is a smooth complex projective unirational variety Y of dimension
3n and an elliptic curve E such that X := E XY satisfies

(10.3) coker ( lim zifl(D)mrsti(X)m) £0 forall2<i<n+1,
where D runs through all closed reduced subvarieties D C X of codimension 1.

Note that for any closed subscheme Z C X of codimension ¢ > 1, the pushforward Z:=¢(Z) — Z*(X)
factors through Z‘=1(D) for any divisor D C X that contains Z, and so the non-trivial class in the
cokernel of the above corollary is not hit by Z*~¢(Z)ors and hence in particular not by the torsion in
H?72¢(7.7) = HQ%I)\:[_%(Z, Z), where dx = dim X. In particular, the above theorem implies Corollary
1.7 stated in the introduction.

Proof of Theorem 10.6. By Proposition 10.5, there is a unirational smooth complex projective variety
Y of dimension 3n such that H?*(Y,Q/Z)— H*(C(Y),Q/Z) is nonzero for all i = 1,...,n. It thus
follows from a theorem of Colliot-Thélene [CT19, Theorem 1.1] that there is an elliptic curve E such
that the product X =Y X E has the property that

H?+Y(X,Q/Z) —s HY+'(C(X),Q/Z)

is nonzero for all i = 1,...,n. Since the Chow group of zero-cycles of X is supported on a curve (i.e.
CHo({pt.} x E) — CHo(Y x E) is surjective), the rational unramified cohomology groups of X above
degree one vanish by a simple Bloch—Srinivas decomposition of the diagonal argument, see e.g. [CTV12,
Proposition 3.3.(i)]." The result thus follows from Corollary 10.3. O

10.6.2. Applications to the Artin-Mumford invariant. In [AM72], Artin and Mumford showed that for
any smooth complex projective variety X, the torsion subgroup of H?(X,Z) is a birational invariant
and used this to construct unirational threefolds that are not rational. For ¢ > 3, the torsion subgroup
of H(X,Z) is not a birational invariant. However, Voisin observed (see [Voil2, Remark 2.4]) that the
Bloch-Kato conjecture proven by Voevodsky implies that the torsion subgroup of H?(X,Z)/N?H®(X,Z)
is a birational invariant. By Proposition 7.32, there is a canonical surjection

HZ‘(X,Z)) GI/2TH, ' (X,Q/Z)
N2*H'(X,Z) Hiy (X, Q)

(It follows from the Bloch-Kato conjecture, proven by Voevodsky, that this surjection is in fact an
isomorphism, see Remark 7.33, but we will not use this.)

As an application, we prove that Voisin’s generalization of the Artin-Mumford invariant is non-trivial
in any odd degree.

p: Tors(

Corollary 10.7. For any positive integer i, there is a unirational smooth complex projective variety X
with a torsion class in H**1(X,7Z) that is non-zero in the quotient

H**Y(X,7)/N?*H* (X, 7).
IThis step uses the existence of an action of algebraic cycles on unramified cohomology, hence [BO74] or [Sch22], but

it does not use the Bloch—-Kato conjectures, as we are only concerned about the vanishing of unramified cohomology with
rational coefficients and so torsion-freeness of H? . (X,Z) is not needed.
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Proof. Rationally connected varieties have no rational unramified cohomology in positive degrees, see
e.g. [CTV12, Proposition 3.3.(i)]. The claim in Corollary 10.7 follows therefore directly from Propositions
6.9, 7.32, and 10.5. 0
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