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Abstract

We give a formula connecting the Saito duals of the reduced zeta
functions of the monodromies of defining equations of a quasihomoge-
neous complete intersection, the Poincaré series of its coordinate ring,
and orbit invariants with respect to the natural C*-action.

There were obtained a series of results which describe connections be-
tween Poincaré series of filtrations in coordinate rings and zeta functions of
monodromy transformations of singularities (e.g., [CDG1, CDG2, E, EG]).
In the last two papers which are devoted to quasihomogeneous singularities
orbit invariants of the natural C*-action turn out to participate. The result
of [EG] connects the Poincaré series of the weighted homogeneous filtration
on the ring of germs of functions on a quasihomogeneous hypersurface sin-
gularity which is non-degenerate with respect to its Newton diagram, the
Saito dual to the (reduced) zeta function of the classical monodromy trans-
formation, and the orbit invariants. Up to now, the proofs of all these results
essentially consist of computing both sides of the equations (in terms of a
resolution or in terms of the weights of the variables) which turn out to
coincide.

All previous results were obtained either for hypersurface singularities,
or (in [E]) for very special (quasihomogeneous) complete intersections: sur-
faces in C* with the first equation of the type A;. Therefore using them it
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was difficult to guess a possible form of a similar connection in more gen-
eral cases. Here we give a generalization of the result of [EG] for quasi-
homogeneous complete intersection singularities (neither necessarily isolated
nor non-degenerate with respect to the Newton diagram). This somewhat
clarifies the result of [EG] and the formulae from [E] for certain complete
intersections.

To each irreducible plane curve singularity C' with g Puiseux pairs there
corresponds a quasihomogeneous curve in C9*! which is a complete intersec-
tion and has the same semigroup as C. Recently J. Stevens ([St]) showed that
using this construction the result of [CDG1] can be deduced from Theorem
1 below.

Let fi, ..., fr be quasihomogeneous functions on C™ of degrees dy, ...,
dj with respect to weights qq, ..., q,. Here ¢, ..., g, are positive integers
with ged(qr, ..., qn) = 1, fi(A%zy, ..., Ax,) = X fi(2,...,3,), A € C.
We suppose that the equations f; = fo = ... = fir = 0 define a complete

intersection X in C”. There is a natural C*-action on the space C" defined
by Ak (x1,...,2,) = (A'xy, ..., A0"x,), A € C*.

Let A= Clz]/(fi,..., fx) be the coordinate ring of X. There is a natural
grading on the ring A: Ay is the set of functions g € A such that g(A x z) =
Ng(x). Let Px(t) = Y oo dim A, - t* be the Poincaré series of the graded
algebra A = ®2,A;. One has

[ —1t%)

Pt = =y

For 0 < j < k, let X be the complete intersection given by the equations
fi=...=f=0(X9=C", X® = X). The restriction of the function f;
(4= 1 ,k) to the variety XU~Y defines a locally trivial fibration X0=1\

X0 — C*. Let FU) = fj_l(l) N XU~V be the (Milnor) ﬁbre of this fibration
(the fibre ') is not necessarily smooth) and h¥) : FU) — FU) he the classical
monodromy transformation of it. For amap h : Z — Z of a topological space
Z, let (p(t) be its zeta function

Gult) = [T {det (id — ¢ - b, )
p=>0

If, in the definition, we use the actions of the operators h, on the homology
groups H,(Z) reduced modulo a point, we get the reduced zeta function

Gnlt) = (?{ti) :
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Let _ _
Gi(t) = G (2).

If both X©) and XU~ have isolated singularities at the origin then ﬁfp(F(j))
is non-trivial only for p = n — j and therefore, if n — 5 > 1,

(Zj (t)>(1)n_j = det (id —t- h§j>|Hn_j(Fu>)>

is the characteristic polynomial of the classmal monodromy operator RY).
One can show (see below) that (h ) i = id and therefore (;(t) can be

written in the form
H(l - te)al, oy € 2.

0|d;

Following K. Saito [S1, S2], we define the Saito dual to ¢;(t) to be the rational

function N
G = JJa—emy e

m|d

(note that different degrees d; are used for different j).
Let Y = (X \ {0})/C* be the space of orbits of the C*-action on
XU\ {0}. There is a natural stratification of the variety Y} defined by the
types of the C*-orbits: Y, is the set of orbits for which the isotropy group
is the cyclic group of order m. (The stratum V%) can be nonempty only if

m is equal to the greatest common divisor of a subset of the weights ¢, ...,
qn.) Let
(k)
Ory(t) == [ (1 —¢mpt)
m>1

be the product of cyclotomic polynomials with exponents corresponding to
the partition of the complete intersection X = X® into parts of different
orbit types; here x(Z) denotes the Euler characteristic of a topological space
Z.

Theorem 1

Hg ) - Orx (2).



Proof. For I C Iy ={1,...,n}, I # 0, let |I| be the number of elements of
Ilet Ty ={x€C"|z; =0fori &I, z; # 0 for i € I} be the ("coordinate”)
complex torus of dimension |I|, and let m; = ged(q;, ¢ € I). The integer
my is the order of the isotropy group of the C*-action on the torus 77. Let
Xl(j) = XU nNTy, Yl(j) = X](j)/(C*. Note that if m; does not divide d; then
v? is empty. One has Y = | 11 YY) Therefore

Orx(t) = [ (1 — emrpi™.

L|I>1

The monodromy transformation AV : FU) — FU) can be defined as the
transformation

z— @ (ze FU cC, 24 e CY).

Let FI(j) = FONTy, hgj) = h(j)|F(j> (the monodromy transformation A\
I
maps FI(]) to itself). One has

i(t) = o (t).
4= TI G
Suppose my|d;. The natural projection X U=V\ XU) — yU-D\ Y restricted
to FY) ¢ XU-D\ X&) is a (d;/my)-fold covering over Y'Y\ YY), The
monodromy transformation hgj )is a covering transformation of it and acts
as a cyclic permutation of the d;/m; points of a fibre. Therefore

Ch(j) (t) = (1 _ tdj/mI)X(Yl(j_U\Y](j)).
I

This formula also makes sense if m; does not divide d; since in this case
YI(] b \ Yl(j ) = () and therefore the exponent is equal to 0. Thus

Gty = (1=t T (1 —/mep0Hxo7,
L:|1]>1

Gty = a—th). JT (1= emp0hmo ),
LI>1



Therefore
k k

[IGw = TTa—e)- T @i
j=1 j=1 L|T)>1
k
= Orx(t)- [Ja—t%)- T (@ —emryxT/en,

j=1 L|I>1

Now x(T7/C*) = 0 if and only if |I| > 2 and x(T(;/C*) = 1 since T, /C* =

pt, i =1,...,n; mg = ¢;. Therefore

k . .
TIC (1) = Orx(t) - T(1 = t%) - TJ(1 — t%)-
7= J=1 i=1
O
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